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Abstract

In this paper, it is shown that almost every, in terms of P, subsequence S(x) of

double sequence S is not uniformly statistically convergent to L if S converges to

L uniformly statistically.

Almost every, in terms of measure Py, subsequence S(x) of double sequence S

converges to L, in the Pringsheim’s sense, if S converges to L uniformly

statistically and divergently in the Pringsheim’s sense. This is not true for P.

1. Introduction

The concept of the statistical convergence of a sequences of reals was
introduced by Fast [13]. Furthermore, Gékhan et al. [16] introduced the

notion of pointwise and uniform statistical convergent of double

sequences of real-valued function. Cakan and Altay [5] presented multi-
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dimensional analogues of the results presented by Fridy, Miller and
Orhan [14, 15, 17]. Dindar and Atay [6-10] investigated the relation
between I-convergence of double sequences. Now, we recall that the
definitions of concepts of ideal convergence and basic concepts [1, 2, 11,
12, 18].

The sequence S;; of real numbers converges to L in the Pringsheim’s

sense, if for Ag > 0, K > 0 such that
|SL] —Ll <eg, Vi, ] > K.

We write lim S; = L.

1, ] —>®

Let K «c NxN. Let K,,, be the number of (i, j) € K such that

i<n j<mIf

dy(K) = lim Knm

n,m—o M

in the Pringsheim’s sense. Then we say that K has double natural

density. Let is sequence S;; of real numbers and ¢ > 0. Let

A(e) ={(i, j)) e Nx N : |SlJ —Ll > g},
The sequence S = S;; statistically converges to L € R if dy(A(e)) = 0
for Ve > 0.

We write st —lim S;; = L.

Let 1s set X # 0. A class I of subsets of X is said to be an ideal in X
provided the following statements hold:

@ 0 eI
@) A, Bel =>AUBel;

() Ael, Bc A= Bel.
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Iis nontrivial ideal if X ¢ I. A nontrivial ideal I is called admissible

if {x} e I for Vx € X.

In this paper, the focus is put on ideal I, < 2MN defined by: subset

A belongs to the I, if

lim L|{i<p,j<q:(n+i,m+j)eA}|:0
p,q—>®» pq

uniformly on n, m € N in the Pringsheim’s sense. That is subset A of the

set N x N 1is uniformly statistically density zero.

The sequence S = S;; uniformly statistically converges to L if for any

€>0
{(i,j)eNXNZlSij—Ll28}eIu_

That is sequence S = S;; uniformly statistically converges to L, if

Ve, ¢ > 0, dK > 0 such that
i“z <D Jj<q:|Spyimsj— Ll 2| <¢,Vp,q2>K,Vn meN.

We write Ust —lim S;; = L.
We denote with X a set of all double sequences of 0’s and 1’s, i.e.,
XZ{.’X,'inj inj 6{0,1},i,j€N}.

Let sequence S = S;; and x € X. Then with S(x) we denote a sequence

defined following way:
Slj(x) = S

ij’ fOI‘ xij = 1,

which we refer to as subsequence of sequence S.

The mapping x — S(x) is a bijection of the set X to a set of all

subsequences of the sequence S.
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Then, under the Lebesgue measure on the set of all subsequences of

the sequence S consider Lebesgue measure on the set X.

Let B smallest c-algebra subsets of the set X which contains of

subsets in the form of:
{x = (xnm) e X: Xpmy = O Xngmg = @25 s Xppmy, = ak}’
Ay, =+, A € {O, 1}, k e N.

In [3], it was proven that there is a unique Lebesgue measure P on

the set X for which the following applies:

1
P({x = (xnm) € X : xnlml = a]_7 xnzmz = az, T, xnkmk = ak}) =S 2_k

2. New Results
Almost every double sequences of 0’s and 1’s is not almost convergent
[4]. This analogue is valid also for uniform statistical convergence.

Theorem 2.1. Almost every double sequence of 0's and 1’s is not

uniformly statistically convergent.

Proof. Let

A,Ii:{xeX:xijzl,kSi,j<k+n}.

Since P(A,];) = LQ, Vk e N, it is,
217,

Z:ZIP(A,’D - Z:Zl LE—

27’1

Since A,Ij are independent, based on the second part of Borel-Cantelli

lemma:

P(lim sup A,]ij =1.
k
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We denote A4, = limsup A%, A = ﬂ:_lAn. Then, P(A) = 1. For Vx € A,
f -
vn € N, there exist a block n x n composed of ones. It follows Vx € A

does not converge uniformly statistically to 0. We denote

By ={xeX:x;=0k<ij<k+n}, B, =limsup B}, B=( _ B,
| _

Completely analogously, we conclude that P(B)=1. For Vx e B,

Vn e N, there exists a block n x n composed of zeros. It follows Vx € B

does not converge uniformly statistically to 1.

Every uniformly statistically convergent sequence x € X converges
to 0 or 1. Then,

{x € X : x = (x;;) convergent uniformly statistically}

={x e X : Ust - limx;; = O}U{x € X : Ust - limx;; =1}

= ac B = (4)B).
It follows

P({x € X : x = (x;;) convergent uniformly statistically}) =1 - P(AﬂB) = 0.

Definition 2.2. The subsequence S(x) of sequence S uniformly
statistically converges to L, if Ve, ¢’ > 0, 3K > 0 such that for Vp, ¢ > K

and Vn, m € N provided that x,,, =1, we have

|{i <P j<q: |Sn+i,m+j B Ll 28 Xniim+j = 1}|

- - < ¢
i <D, J<q:Xpiimej =1

We write Ust — lim Sj;(x) = L.
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Almost every subsequence S(x) of statistically convergent double

sequence S is statistically convergent. The analogue does not apply to

uniformly statistically convergence.

Theorem 2.3. Let Ust —1im S;; = L and the sequence S is divergent

in the Pringsheim’s sense. Then,
P({x € X : Ust —1lim S;j(x) = L}) = 0.
Proof. Let

k . —
Tuv = {x e X: Xnk+i,nk+j = 1, |Snk+i,nk+j - Ll 2 &

0<i,j<k,n:k@,m=kW}.

Due to the divergence of the sequence S, VN € N, 3k > N, such that

TE, =0 for infinitely (u,v). Then, P(T)))=> Lz for infinitely
k

2

(u, v), T are independent and

> oPrh): Y L=

k
(u,v),TLfU:t@ (u,v),TLf},:t(Z) 2

Due to second part of Borel-Cantelli lemma, it follows:

P(T*) = P{ limsup T}, |=1.
(u,v),TlfU;:(Z)

Hence, P(T) = P(ﬂT’“] =1.
k

Let x € T. Then, VN € N, 3k > N such that

|{x e X: Xnk+i,nk+j = 1’|Snk+i,nk+j - Ll 2g 0<1,j< k}l _

i< pj<q:xpmej =1}
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Hence, S(x) does not converge to L uniformly statistically. So,
P({x € X : Ust —1lim S;j(x) = L}) = 0.

Example. Let A ¢ Nx N uniformly density zero, with the following

characteristic:

Vk e N, 3(, j) € A, such that i, j > k.
Let the sequence S = (S;;) defined as

L, (G, )¢ A

Sij =

0, (G, j)eA

Then, Ve > 0, Vn, m € N, the following is valid:
i< p i <a [Suvimes ~1] 2 €}
pq ’

=i|{i<p,j<q:(n+i,m+j)eA}|—>0forp,q—>oo.

Respectively, Ust —1lim S;; = 1. Let

B = ﬂk:lui,jzk{x e X:x; =10, j)e A}.

Let is the infinite sequence (S;; ) such that i, >k, j, > k and

&Ik
(i]w .]k) e A. Then,

© AN L S
ZkzlP({xeX.xlk]k _1})_Zk=12_oo

Due to second part of Borel-Cantelli lemma, P(B) = 1.

Since subsequence S(x) of S does not converge to 1 in the

Pringsheim’s sense if and only if x € B, it

P({x € X : lim S;(x) =1, in the Pringsheim’s sense}) = 0.
i, j—®
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Let A « NxN. There is a unique measure P4, on X with the

property:
1 ..
Ea (I" .]) $ A
PA({xeX:xijzl})z o ,
—, (G, ))e A
2l+]
Py({x e X 1 xyj, = ap, -, x4, = ap})

=Py({x e Xty = ap}) - Pa({x € X a5, = ap}).

Analogue theorem is valid: Let the sequence S = (S;;) be divergent in

the Pringsheim’s sense. Then, S statistically converges to
L < 3A < N x N with density zero, such that

P,({x € X : lim S;(x) = L, in the Pringsheim’s sense}) = 1.
i,jo>o

Theorem 2.4. Let the sequence S = (Sij) divergent in the Pringsheim’s

sense. Then, S uniformly statistically converges to L < JA < NxN

uniformly density zero, such that

P,({x € X : lim S;(x) = L, in the Pringsheim’s sense}) = 1.
i,jow

Proof. Because of Lemma 2.1, the following is valid: Ust - lim S;; =

L = JA < N x N uniformly density zero, such that the subsequence

S(y) of S converges to L, in the Pringsheim’s sense, for
L @)eA
Yij = :
0, (i, j))e A
Not generalizing we can assume that L is not a point accumulation of the

subsequence S(x), for

L (G, j)ed
X =

0, (1, j)e A
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Hence, the subsequence S(z) converges to L, in the Pringsheim’s sense if

and only if 3M e N such that
(i, )eNxN:zj=1,4,j> M}ﬂA - 0.

Let
By =f{xeX:x;=14j>M(j)e A}, B= ﬂBM

Then, VM e N, is,

1 1 1
Py(B)< Pa(By)= ) o< TR
i, j>M,Gi, j)eA 2 M 2

Hence, P4(B) = 0. Since the set B is a set of all x € X for which S(x)
does not converge to L, in the Pringsheim’s sense. It

Py({x e X : hm SU (x) = L, in the Pringsheim's sense}) = 1.

Let the sequence S not be uniformly statistically convergent and let
A < N x N arbitrary uniformly density zero. Then, due to the lemma,

the subsequence S(x) is divergent in the Pringsheim’s sense for
L (@ Jj)eA
xij = .
0, (i,j)eA
The following cases can be presented:
@) Any), (my), ny /s my 7 (g, my) € A, Sy, 2 k for VE,
b) Any), (my), ny /s my, /s (g, my) € A, Sy, < =k for Vi,

(C) H(I’L%), (mi% EI(”’%): (m/%)7 (nllw mlle)’ (n/%7 m/%) ¢ A’ Sn}fm;% <A

<pus8S,y

nk m;,
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It follows:

© 1

(a) ZlilPA({x € X xppy =1}) = Zk=1§ = o,
(b) z;zlpA({x e X: Xnpmy, = 1}) = Z:;l% = 0,

@ D PalveXixy 1 =1)=D"" Pa(freX:x, o =1})=w.

Then, due to second part of Borel-Cantelli lemma, the following is valid:

(@) P4({x € X : x,,, =1 for infinite k}) =1,
() P4({x € X : x,,, =1 for infinite k}) = 1,
© Palfx € X :xy 4 =x o o =1 for infinite k}) = 1.

It follows:

P,({x € X : S(x) divergent in the Pringsheim’s sense}) = 1.

Hence,

P,({x € X : S(x) convergent in the Pringsheim’s sense}) = 0.

Lemma 2.5. Ust —1im S;; = L < 3A < Nx N uniformly density zero

such that lim S;(x) = L, in the Pringsheim’s sense for
1, ] >0

L GaeA
Yoolo, G, j)e A

Proof. Let Ust —lim S;; = L. Then, there is a sequence of natural

numbers (r;,);_, such that

1 (. . 1 1
—q{l<p,1<q1|3n+i,m+j—L|2;} -

<=
12

Vp,q=2r1, Vn,me N

Let
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- Uk=2Un,m=1

. U . . 1
{(n+z, m+j) i, j2 g, 0 <1V < s [Spdiomej — L] 2 E}

We define x € X the following way:

L GeA
7o @i)eA

For ve > 0, 3ky € N, such that % < g, Vk 2 ky. From the definition
of the sequence x, we have

ISnsi,mej (€)= LI = |Spiimej — L] < & Vi, j 21, Vn, m e N.

Hence, the subsequence S(x) converges to L in the Pringsheim’s sense.

For Ve > 0, 3k € N, such that,

o0
ZL < £ ;Sz,
2 2’ 2

2
(ko —1)

Let p,q>rk0,then
L i<pi<q:(+im+j)e Al
pq
1 . . . . . .
<—Ni<p,j<q:i<nVj<rn.,n+i,m+j)eA
Sgli<pi<a iV I < Ty ( J) € A}
1 . . .o . .
+—Wi<p, j<q:i,j>r.,(n+i,m+j)e A}
pql{ pi<qii o>, J) € Al

£|{i<p,j<q:iSrkO\/erkO,(n+i,m+j)eA}|

1. . 1
— i< <q:|Shiimei — L2
” {l i< a4 Snsimej — LI = 4 _1H
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$|{i<p,j<qli,j>rk0,(n+i,m+j)eA}|

1 |]. . .o . . 1
S—q{z<p,]<q:z,]>rk0,LSrk.0+1V]Srk0+1,|Sn+i,m+j—L|2%}

. . .. . . 1
{l <P, J<Qil]>Th4150 < rk0+2\/] < Tro+2> |Sn+i,m+j _Ll 2 L H

s 1
pq 0+1

Hence, Ve > 0, ST/ such that
$|{i<p,j<q:(n+i,m+j)eA}|§%+%:8,Vp,q2rk0,Vn,meN.

Respectively, A is uniformly density zero.

We assume that there is a subset A of set N x N, uniformly density
zero such that subsequence S(x) of S converges to L, in the Pringsheim’s

sense, for

xij

_ {1, (i, j)¢ A
0, (i, j))e A

Then, Ve > 0, 3ny, my € N, such that [S;; - L| < ¢, Vi > ng, Vj > my.
1 . .
El{l<p’l<q:|Sn+i,m+j_L|28}|
1 . . . .
:E|{z<p,]<q:n+z<no\/m+j<m0,|Sn+L~,m+J-—L|Zs}|

1 . . . .
+E|{z<p,]<q:n+12n0,m+]2m0,|Sn+i,m+J-—L|Ze}|
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L|{i<p,j<q:n+i<no\/m+j<m0}|
pPq
+$|{i<p,j<q:n+iZno,m+j2m0,(n+i,m+j)eA}|

1

pq|{i<p,j<q:n+i<n0\/m+j<m0}|

1 . . . .
+—Ni<p,j<q:(n+i,m+j)e A}l.
pql{ pi<q:( Jj) e Al

Obviously, the first summand converges to zero uniformly on

n, m € N. The second summand converges to zero uniformly on

n, m € N due to the assumption. So Ust - lim S;; = L.
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