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Abstract

In the [3] is proven that sequence S;; uniformly statistically converges to L if
and only if it there is a subset A of the set N x N uniform density zero and
subsequence S(x) defined by, S;j(x) = S;; for (i, j) € A®, converges to L, in

the Pringsheim’s sense. In this paper, it is proven that analog is valid and for

lacunary uniformly statistical convergence. Double sequence S;; lacunary

uniformly statistically converges to L if and only if it there is a subset A of the

set Nx N lacunary uniform density zero and subsequence S(x) defined by,
S;i(x) = S for (i, j) e A, converges to L, in the Pringsheim’s sense. The
subsequence S(x) lacunary uniformly statistically converges to L if and only if
it there is a subset A of the set N x N lacunary uniform density zero and
subsequence S(y) defined by, S;(y)= S;(x) for (i, j)e A, such that

lim (lim S;(y)) = L.
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1. Introduction

The concept of the statistical convergence of a sequences of real
numbers was introduced by Fast [9]. Furthermore, Gékhan et al. [12]
introduced the notion of pointwise and uniform statistical convergent of
double sequences of real-valued function. Diindar and Atay [4-8]
investigated the relation between I-convergence of double sequences.
Fridy and Orhan [11] have studied lacunary statistical convergence of
single sequences. Petterson and Savas in [13] defined the lacunary
statistical analogue for double sequences. Now, we recall that the
definitions of concepts of ideal convergence and basic concepts [1, 2, 10].
The sequence S;; of real numbers converges to L in the Pringsheim’s

sense, if for Ve > 0, 3K > 0 such that
|Sl] —Ll <eg Vi, j= K.

We write lim S;; = L.

1, ] >©

Let K <« NxN. Let K,,, be the number of (i, j) e K such that

i<n,j<mlIf

dy(K) = lim Knm

n,m—>0 nm

in the Pringsheim’s sense then, we say that K has double natural density.
Let is sequence S;; of real numbers and ¢ > 0. Let

A(e) = {(i, j) e NxN :[S; - L| > &}.
The sequence S = S;; statistically converges to L € R if dy(A(g)) = 0
for Ve > 0.

We write st —lim S;; = L. Let is set X # 0. A class I of subsets of X

is said to be an ideal in X provided the following statements hold:
1 0el;
(i) A,Bel => AUBel,

(i) Ael,Bc A= Bel.
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The ideal is called nontrivial if I # {0} and X e I°. A nontrivial

ideal I is called admissible if it contains all the singleton sets. A

nontrivial ideal I on N x N is called strongly admissible if {i} x N and

N x {i} belong to I for each i € N.
A nonempty family F of subsets of a set X is called a filter if
(1) 0 e F¢
() A,BeF > ANBekF;
(i) Ae F,Ac B> BePF.

In this paper, the focus is put on ideal I,, — 2NN defined by: subset
A belongs to the I, if

lim L|{i<p,j<q:(n+i,m+j)eA}|=0
Dp,q—>» pq

uniformly on n, m € N in the Pringsheim’s sense. That is subset A of the

set N x N is uniformly density zero.

The sequence S = S;; uniformly statistically converges to L if for any

€>0
{(i,j)eNXN:lSij—L|28}eIU,

That 1s sequence S =S;; uniformly statistically converges to L if

Ve, ¢' > 0, 3K > 0 such that

%|{i<p,j<q:|8n+i’m+j —-Llzeff<¢,Vp,q2K,Vn, meN.

We write U st —1im S;; = L.
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We denote with X a set of all double sequences of 0’s and 1’s, i.e.,
X={x=xij inj G{O,l},i,jeN}.

Let sequence S = S;; and x € X. Then with S(x) we denote a sequence
defined following way:
SU(X) = Sij7 fOI’ xij =1.

The subsequence S(x) of sequence S uniformly statistically converges to
L if Ve, ¢’ >0,3K > 0 such that for Vp, ¢ > K and Vn, m € N provided
that x,,,, =1, we have

|{i <p,j<gq: |Sn+i,m+j _Ll 28 Xnyimrj = l}l <¢

|{i<p’j<q:xn+i,m+j :1}| S

We write U st — lim Sj;(x) = L.

By a lacunary sequence we mean an increasing sequence © = (k)

such that
ko =0and h, =k, —k._; > 0asr - .
Let
I ={(i, )) e NxN:i, j <k},
Iy, ={(i,j) e NxN:i, j<ko}\ I, ..,

I ={(i, j)e NxN:i, j<k}\ (I,,IUIr,2U...U11), for Vr e N,

The sequence S;; lacunary statistically converges to L if Ve > 0, we have
lim L |{G, /) e I, :|S; — L| > ¢}| = 0.
r—o |Ir| r Y

We write Sg —1lim S;; = L.
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Fridy proved that if S = S; sequence of real numbers and © = (k,)

lacunary sequence such that

ky ky

1 < lim inf

< lim sup
r-1 r-1

< 0.

Then, sequence S = S; statistically convergent if and only if it lacunary

statistically convergent.

Let S = S;; double sequence of real numbers and © = (k) lacunary

sequence of natural numbers.

A sequence S = S;; lacunary uniformly statistically converges to real
number L if Ve, ¢’ > 0, Iry € N such that for Vr > 1y and Vn, m € N, we

have
1 .. '
mH(l, Nel, : |Sn+i,m+j —L|>¢ef|l<¢g,
-

Write U stg — lim S;; = L.

The subset A of the set N x N is lacunary uniformly density zero if

Ve > 0, Iry € N such that for Vr > ry and Vn, m € N, we have
1 . . . . .
m|{(z, el :(n+i,m+j)e A}| <=
r

2. New Results
Theorem 2.1. Let is © = (k) lacunary sequence and S = S;; double
sequence. Then, Ustg —limS;; = L if and only if it 3A c NxN

lacunary uniformly density zero and lim S;; (x) = L, in the Pringsheim’s
1, J—>®

sense, for
L (i, J) ¢ A,
xij =
0, (i, j) e A.
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Proof. Let is Usig —limS;; = L. Then there is a sequence of

natural numbers (,);_, such that for VI > u, and Vn, m € N, we have

<

.. 1
{(l’ ]) € Il : |Sn+i,m+j - Ll 2 _}

r

1 1
1] r
Let

© o . . . 11 1
A=U UL, ferime i 6o e Ut iSum - 12 1,
We define x € X the following way:
L @ J)¢ A,
X =
0, (i, j) e A.
For Ve > 0,3ry € N such that for Vr >y, we have %S e. From the

definition of the sequence x, such that for [ > Up, and Vn, m e N

provided that x,; ,,,; =1, we have
|Sn+i,m+j(x)_ Ll = |Sn+i,m+j - Ll < e
Hence, for Vi, j > k”'t) and Vi, j € N provided that x;; =1, we have
|Sl](x) — Ll <e&.

Hence, the subsequence S(x) converges to L, in the Pringsheim’s sense.

For VI > u, and Vn, m € N valid

1 .. . .
m|{(z, el :(n+i,m+j)e A}

_ 1
||

.. 1
{(l, J) el;: |Sn+i,m+j - Ll 2 ;}

Hence,

llim |Il—||{(z, jel;:(n+i,m+j)e A} =0, uniformly for Vn, m € N.
—>0 l
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We assume that there is a subset A of the set Nx N such that

Zlim |Il—||{(z, j)el;:(n+i, m+j)e A} =0, uniformly for Vn, m e N
—>0 1

and lim S;j;(x) = L, in the Pringsheim’s sense, for
1, ]—>®

L ()¢ A,
xij =
0, (i, j) e A
For Ve > 0, 3N e N such that for Vn, m > N, we have
|Spm(x) - L| < e

For VI € N such that k;_; > N. Then,
1 .o
mH(l, el Surimej — L| 2 &gl

1 .o . .
=m|{(z, Nelp:n+i<NVm+j<N,|[S,mj—L|>¢el

1 .. . .
+m|{(z, jel;:n+i,m+j>N, |Sn+i,m+j_L| > gf

c 2Nk —ky) 1

{G, eI, :n+i,m+j2N,(n+i,m+j)e A}
K- k3, IIzI| |

< 2Ny = kiy)

o) L ) e I (i m o+ ) € A,
K-k, Ml

Obviously, the first summand converges to zero uniformly on n, m € N.
The second summand converges to zero uniformly on n, m € N due to

the assumption.

SO, Ust® - lim SL] = L.
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Definition 2.2. The subsequence S(x) of S lacunary uniformly
statistically converges to L if Ve, ¢ > 0, 3ry; € N such that for VI > ry

and Vn, m € N provided that x,,, =1, we have

H(i’ el : |Sn+i,m+j - Ll 28 Xpyimrj = l}l <
H(i’ ]) € IZ S Xptimj T 1}| -

Write U stg — lim S;j(x) = L.

The characterization is true for subsequences.

Corollary 2.3. Let x € X and S = S;; double sequence and © = (k,)
lacunary sequence, then

U stg —lim S;j(x) = L if and only if it 3A < {(n, m) : x,,, = 1} such
that

p HG e lis(rimj)e Al

— 0,
150 @, 7)€ Iyt Xpyimej = 1]

uniformly for Vn, m € N provided that x,, =1 and for subsequence

S(y) of the sequence S valid:
lim( lim S;(y)) = L,
i—w j—oo

for
1, (L, ]) & A, xij =1,

Yij =
O, (l, ]) € A, xij = 0.

Proof. Let Ustg —1limS;j(x) = L. Then there is a sequence of

natural numbers (u,)._, such that for VI > u, and Vn, m € N provided

that x,,,, =1, we have

. . 1
6.9 € Sty =112 . 5y <1

H(l’ el : Xn+i,m+j = l}l

N =
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Let

00 00
a-U_U
r=2 n,m=1
. . .. ur+171 1
{(n+L, m+j): (i, j)e Ulfu 1, |Sn+i,m+j -L|> = Xntiymej = 1}.
- %r

For Ve > 0, 3ry € N such that for Vr > r; we have — < e.

~ |

Let u, <1< u,,;. Then, for VI > u, and Vn, m € N provided that

X,m =1, we have

{G@, el : (n+i, m+j)e A}
|{(i’ Nel: Xn+i,m+j = 1}|

.o 1
H(l’ el : |Sn+i,m+j _Ll 2 Py Xn+i,m+j = l}l - 1 -
= P S — S &
HG, 7)€ 1t %niimej = 1 r

Let I > uy, (n+i,m+j)e A%, (i, j) € I}, %14 myj = 1, then

1
|Sn+i,m+j - Ll < r <&

Hence, for n > k“rov m > k”ro +1 provided that x,,, =1, we have

[Sum — L| < e
Hence,
lim( Jim. S;(») = L,
for

=

’ (l9 .]) ¢ A’ xL] = 1’
Yij =
0, (l, ]) € A, xij =0.
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Let 3A < {(n, m) : x,,,,, = 1} such that

lim HG, j)el; : (n+i, m+j)e A} _

— 0,
e [{(@ j)e I Xn+im+j = 1|

uniformly Vn, m € N provided that x,, =1 and for subsequence S(y)

of the sequence S valid:

lim( lim S;(y)) = L,

500" jo>m

for

L ()¢ A x =1

Yij =

0, (i, j)e A x; =0.
Then, Ve > 0, AN € N such that for Vvn > NVVm > N provided that
Xpm =1 and (n, m) e A°, we have

[Spm — L| < e
Then,

|{(i’ Nel: |Sn+i,m+j - Ll 2 € Xniim+j = l}l
|{(i’ el : Xn+i,m+j = l}l

_ |{(l, ])E Il :|Sn+i,m+j —Ll > g, xnﬂ"mﬂ- =1, n+i, m+j < N}l
|{(i’ el : Xn+i,m+j = l}l

N |{(l,])€Il :|Sn+i,m+j_L|2€’xn+i,m+j =1, n+i >N\/m+i>N}|
|{(i’ Nel S Xn+i,m+j :1}|

N? NG el (i, m+j) e A
G el : Xn+i,m+j = 1}| H(i’ Nelp: Xn+i,m+j = 1}| '

<
|
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Obviously, the first summand converges to zero uniformly on n, m € N.

The second summand converges to zero uniformly on n, m € N due to

the assumption. So, U stg — lim S;j(x) = L.
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