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Abstract 

We give a trace inequality related to the uncertainty relation based on the 
monotone or anti-monotone pair skew information, which is one of the 
generalizations of result given by [5]. The present paper includes the result for 
generalized Wigner-Yanase-Dyson skew information as a particular case [14]. 
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1. Introduction 

Wigner-Yanase skew information 

( ) [( [ ]) ]221 ,2
1 HiTrHI ρ=ρ  

[ ] [ ],21212 HHTrHTr ρρ−ρ=  

was defined in [10]. This quantity can be considered as a kind of the 
degree for non-commutativity between a quantum state ρ  and an 

observable H. Here we denote the commutator by [ ] ., YXXYYX −=  

This quantity was generalized by Dyson 

( ) [( [ ]) ( [ ])]HiHiTrHI ,,2
1 1

,
α−α

αρ ρρ=  

[ ] [ ] [ ],1,0,12 ∈αρρ−ρ= α−α HHTrHTr  

which is known as the Wigner-Yanase-Dyson skew information. It is 
famous that the convexity of ( )HI αρ,  with respect to ρ  was successfully 

proven by Lieb in [7]. And also this quantity was generalized by Cai and 
Luo 

( ) [( [ ]) ( [ ]) ]β−α−βα
βαρ ρρρ= 1

,, ,,2
1 HiHiTrHI  

 { [ ] [ ]HHTrHTr β−α−β+α ρρ+ρ= 12
2
1  

[ ] [ ]},11 HHTrHHTr β−βα−α ρρ−ρρ−  

where .1and0, ≤β+α≥βα  The convexity of ( )HI βαρ ,,  with respect to 

ρ  was proven by Cai and Luo in [2] under some restrictive condition. In 

this paper, we let ( )CnM  be the set of all nn ×  complex matrices, 

( )CsanM ,  be the set of all nn ×  self-adjoint matrices, ( )C+,nM  be the 

set of strictly positive elements of ( ),CnM  and ( )C1,, +nM  be the set of 
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strictly positive density matrices, that is, ( ) { ( ) [ ]ρ∈ρ=+ TrMM nn CC1,,  

}.0,1 >ρ=  If it is not otherwise specified, from now on, we shall treat 

the case of faithful states, that is, .0>ρ  The relation between the 

Wigner-Yanase skew information and the uncertainty relation was 
studied in [9]. Moreover, the relation between the Wigner-Yanase-Dyson 
skew information and the uncertainty relation was studied in [6, 11]. In 
our paper [11] and [13], we defined a generalized skew information and 
then derived a kind of an uncertainty relations. And also in [14, 15], we 
gave an uncertainty relation of two parameter generalized Wigner-
Yanase-Dyson skew information. In this paper, we consider three 
parameter generalized Wigner-Yanase-Dyson skew information and give 
a kind of generalized uncertainty relations, which is a generalization of 
the result of Ko and Yoo [5]. 

2. Trace Inequality of Wigner-Yanase-Dyson 
Skew Information 

We review the relation between the Wigner-Yanase skew information 
and the uncertainty relation. In quantum mechanical system, the 
expectation value of an observable H in a quantum state ρ  is expressed 

by [ ].HTr ρ  It is natural that the variance for a quantum state ρ  and an 

observable H is defined by ( ) [ ( [ ] ) ] [ ] −ρ=ρ−ρ=ρ
22 HTrIHTrHTrHV  

[ ] .2HTr ρ  It is famous that, we have 

( ) ( ) [ ][ ] ,,4
1 2BATrBVAV ρ≥ρρ  (2.1) 

for a quantum state ρ  and two observables A and B. The further strong 

results was given by Schrödinger 

( ) ( ) { ( )} [ ][ ] ,,4
1,CovRe 22 BATrBABVAV ρ≥− ρρρ  
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where the covariance is defined by ( ) [ ( [ ] ) ( −ρ−ρ=ρ BIATrATrBA,Cov  

[ ] )].IBTr ρ  However, the uncertainty relation for the Wigner-Yanase 

skew information failed (see [9, 6, 11]). 

( ) ( ) [ ][ ] .,4
1 2BATrBIAI ρ≥ρρ  

Recently, Luo introduced the quantity ( )HUρ  representing a quantum 

uncertainty excluding the classical mixture 

( ) ( ) ( ( ) ( )) ,22 HIHVHVHU ρρρρ −−=   (2.2) 

then he derived the uncertainty relation on ( )HUρ  in [8] 

( ) ( ) [ ][ ] .,4
1 2BATrBUAU ρ≥ρρ  (2.3) 

Note that we have the following relation: 

( ) ( ) ( ).0 HVHUHI ρρρ ≤≤≤   (2.4) 

The inequality (2.3) is a refinement of the inequality (2.1) in the sense of 
(2.4). In [13], we studied one-parameter extended inequality for the 
inequality (2.3). 

Definition 2.1. For ,10 ≤α≤  a quantum state ρ  and an observable H, 

we define the Wigner-Yanase-Dyson skew information 

( ) [( [ ]) ( [ ])]0
1

0, ,,2
1 HiHiTrHI α−α

αρ ρρ=  

[ ] [ ],0
1

0
2
0 HHTrHTr α−α ρρ−ρ=  

and we also define 

 ( ) [{ }{ }]0
1

0, ,,2
1 HHTrHJ α−α

αρ ρρ=  

  [ ] [ ],0
1

0
2
0 HHTrHTr α−α ρρ+ρ=  
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where [ ]IHTrHH ρ−=0  and we denote the anti-commutator by { }YX ,  

.YXXY +=  

Note that we have 

[( [ ]) ( [ ])] [( [ ]) ( [ ])],,,2
1,,2

1 1
0

1
0 HiHiTrHiHiTr α−αα−α ρρ=ρρ  

but we have 

[{ }{ }] [{ }{ }].,,2
1,,2

1 1
0

1
0 HHTrHHTr α−αα−α ρρ≠ρρ  

Then, we have the following inequalities: 

( ) ( ) ( ) ( ),,, HJHJHIHI αρρραρ ≤≤≤   (2.5) 

since we have [ ] [ ]HHTrHHTr α−α ρρ≤ρρ 12121  (see [1, 3], for example). 

If we define 

( ) ( ) ( ( ) ( )) ,2
,

2
, HIHVHVHU αρρραρ −−=   (2.6) 

as a direct generalization of Equation (2.2), then we have 

( ) ( ) ( ),0 ,, HUHUHI ραραρ ≤≤≤   (2.7) 

due to the first inequality of (2.5). We also have 

( ) ( ) ( ).,,, HJHIHU αραραρ =  

From the inequalities (2.4), (2.6), and (2.7), our situation is that, we 
have 

( ) ( ) ( ),0 , HUHIHI ρραρ ≤≤≤  

and 

( ) ( ) ( ).0 ,, HUHUHI ραραρ ≤≤≤  

We gave the following uncertainty relation with respect to ( )HU αρ,  as a 

direct generalization of the inequality (2.3). 
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Theorem 2.1 ([13]). For ,10 ≤α≤  a quantum state ρ  and observables 

,, BA  

( ) ( ) ( ) [ ][ ] .,1 2
,, BATrBUAU ρα−α≥αραρ   (2.8) 

Now, we define the two parameter extensions of Wigner-Yanase skew 
information and give an uncertainty relation under some conditions. 

Definition 2.2. For ,0, ≥βα  a quantum state ρ  and an observable H, 

we define the generalized Wigner-Yanase-Dyson skew information 

( ) [( [ ]) ( [ ]) ]β−α−βα
βαρ ρρρ= 1

00,, ,,2
1 HiHiTrHI  

 { [ ] [ ]0
1

0
2
02

1 HHTrHTr β−α−β+α ρρ+ρ=  

[ ] [ ]},0
1

00
1

0 HHTrHHTr β−βα−α ρρ−ρρ−  

and we define 

( ) [{ }{ } ]β−α−βα
βαρ ρρρ= 1

00,, ,,2
1 HHTrHJ  

  { [ ] [ ]0
1

0
2
02

1 HHTrHTr β−α−β+α ρρ+ρ=  

[ ] [ ]},0
1

00
1

0 HHTrHHTr β−βα−α ρρ+ρρ+  

where [ ]IHTrHH ρ−=0  and we denote the anti-commutator by { }YX ,  

.YXXY +=  We remark that 1=β+α  implies ( ) ( )HIHI α−αραρ = 1,,,  

and ( ) ( ).1,,, HJHJ α−αραρ =  We also define 

( ) ( ) ( ).,,,,,, HJHIHU βαρβαρβαρ =  

In this paper, we assume that 0, ≥βα  do not necessarily satisfy the 

condition .1≤β+α  We give the following theorem: 
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Theorem 2.2 ([14]). For 0, ≥βα  and 1≥β+α  or 2
1≤β+α  and 

observables ,, BA  

( ) ( ) [ ][ ] ., 2
,,,, BATrBUAU ραβ≥βαρβαρ   (2.9) 

And we also define the two parameter extensions of Wigner-Yanase 
skew information, which are different from Definition 2.2. 

Definition 2.3. For ,0, ≥βα  a quantum state ρ  and an observable H, 

we define the generalized Wigner-Yanase-Dyson skew information 

( ) [( [ ]) ( [ ])]00,, ,,2
1~ HiHiTrHI βα

βαρ ρρ=  

 [ ] [ ],00
2
0 HHTrHTr βαβ+α ρρ−ρ=  

and we define 

( ) [{ }{ }]00,, ,,2
1~ HHTrHJ βα

βαρ ρρ=  

  [ ] [ ],00
2
0 HHTrHTr βαβ+α ρρ+ρ=  

where [ ]IHTrHH ρ−=0  and we denote the anti-commutator by { }YX ,  

.YXXY +=  We remark that 1=β+α  implies ( ) ( )HIHI α−αραρ = 1,,,
~  

and ( ) ( ).~
1,,, HJHJ α−αραρ =  We also define 

( ) ( ) ( ).~~~
,,,,,, HJHIHU βαρβαρβαρ =  

Then, we give the following theorem: 

Theorem 2.3 ([15]). For ( )00, ≠αβ≥βα  and observables ,, BA  

( ) ( )
( )

[ [ ]] .,~~ 2
2,,,, BATrBUAU β+α

βαρβαρ ρ
β+α

αβ≥  
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Remark 2.1. We remark that (2.8) is derived by putting α−=β 1  in 

(2.9). Then, Theorem 2.2 is a generalization of Theorem 2.1 given in [13]. 

3. Trace Inequality of Monotone or Anti-Monotone  
Pair Skew Information 

Definition 3.1. Let ( ) ( )xgxf ,  be nonnegative continuous functions 

defined on the interval [ ].1,0  We call the pair ( )gf ,  a compatible in log-

increase, monotone pair (CLI monotone pair, in short), if 

(a) ( ) ( )( ) ( ) ( )( ) 0≥−− ygxgyfxf  for all [ ].1,0, ∈yx  

(b) ( ) ( )xgxf and  are differentiable on ( )1,0  and 

( )
( )

( )
( ) ,supinf0

1010
∞<

′
′

≤
′
′

≤
<<<< xF

xG
xF
xG

xx
 

where ( ) ( ) ( ) ( ).logandlog xgxGxfxF ==  

Definition 3.2. Let ( ) ( )xgxf ,  be nonnegative continuous functions 

defined on the interval [ ].1,0  We call the pair ( )gf ,  a compatible in log-

increase, anti-monotone pair (CLI anti-monotone pair, in short), if 

(a) ( ) ( )( ) ( ) ( )( ) 0≤−− ygxgyfxf  for all [ ].1,0, ∈yx  

(b) ( ) ( )xgxf and  are differentiable on ( )1,0  and 

( )
( )

( )
( ) ,0supinf

1010
≤

′
′

≤
′
′

<∞−
<<<< xF

xG
xF
xG

xx
 

where ( ) ( ) ( ) ( ).logandlog xgxGxfxF ==  

Let ( ) ( ) ( )xhxgxf ,,  be nonnegative continuous functions defined on 

[ ]1,0  and be differentiable on ( ).1,0  We assume that ( )gf ,  is CLI 

monotone pair and ( )hf ,  is CLI monotone or anti-monotone pair. We 

introduce the correlation functions in the following way: 
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Definition 3.3. 

( )( ) [( [ ( ) ]) ( [ ( ) ]) ( )]ρρρ=ρ hHgiHfiTrHI hgf 00,,, ,,2
1  

[( ( ) ]) ([ ( ) ]) ( )]ρρρ−= hHgHfTr 00 ,,2
1  

[( ( ) ( )) ( ( ) ( )) ( )]ρρ−ρρ−ρ−= hgHHgfHHfTr 00002
1  

[ ( ) ( ) ( ) ( ) ( ) ( )]ρρρ−ρρρ−= hgHfhHgHfTr 2
0002

1  

[ ( ) ( ) ( ) ( ) ( ) ( )]ρρρ−ρρρ+ hgHfHhHgfHTr 00002
1  

[ ( ) ( ) ( ) ( ) ( ) ( ) ]2
0002

1 HhgfHgHhfTr ρρρ−ρρρ−=  

[ ( ) ( ) ( ) ( ) ( ) ( ) ]00002
1 HfHhgHhHgfTr ρρρ−ρρρ+  

{ [ ( ) ( ) ( ) ] [ ( ) ( ) ( ) ]}00
2
02

1 HhHgfTrHhgfTr ρρρ+ρρρ=  

{ [ ( ) ( ) ( ) ] [ ( ) ( ) ( ) ]};2
1

0000 HhfHgTrHhgHfTr ρρρ+ρρρ−  

( )( ) [{ ( ) }{ ( ) } ( )]ρρρ=ρ hHgHfTrHJ hgf 00,,, ,,2
1  

[( ( ) ( )) ( ( ) ( )) ( )]ρρ+ρρ+ρ= hgHHgfHHfTr 00002
1  

[ ( ) ( ) ( ) ( ) ( ) ( )]ρρρ+ρρρ= hgHfhHgHfTr 2
0002

1  

[ ( ) ( ) ( ) ( ) ( ) ( )]ρρρ+ρρρ+ hgHfHhHgfHTr 00002
1  

{ [ ( ) ( ) ( ) ] [ ( ) ( ) ( ) ]}00
2
02

1 HhHgfTrHhgfTr ρρρ+ρρρ=  

{ [ ( ) ( ) ( ) ] [ ( ) ( ) ( ) ]};2
1

0000 HhfHgTrHhgHfTr ρρρ+ρρρ+  
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and 

( )( ) ( )( ) ( )( ).,,,,,,,,, HJHIHU hgfhgfhgf ρρρ =  

We are ready to state our main result. For ,,, hgf  we let 

( )
( ) ( ) ( ) ( )

,
1

,
1

,
1

,
1

min,, 2222 











++++++++
=β

NM
M

nM
M

Nm
m

nm
mhgf  

(3.1) 

where 

( )
( )

( )
( ) ,sup,inf

1010 xF
xGMxF

xGm
xx ′

′
=

′
′

=
<<<<

 

( )
( )

( )
( ) .sup,inf

1010 xF
xHNxF

xHn
xx ′

′
=

′
′

=
<<<<

 

We consider the following two assumptions: 

(I) ( ) ( )hfgf ,and,  are CLI monotone pair satisfying 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) ,for1 yxxFyF

xHyH
xFyF
xGyG

<
−
−

≤
−
−

+  

where ( ) ( ) ( ) ( ) ( ) ( ).logand,log,log xhxHxgxGxfxF ===  

(II) ( )gf ,  is CLI monotone pair and ( )hf ,  is CLI anti-monotone pair 

satisfying 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) .for01 yxxFyF

xHyH
xFyF
xGyG

<≥
−
−

+
−
−

+  

Theorem 3.1. Under the Assumption (I) or (II), the following 
inequality holds: 

( )( ) ( )( ) ( ) ( ) ( ) ( ) [ ][ ] ,,,, 2
,,,,,, BAhgfTrhgfBUAU hgfhgf ρρρβ≥ρρ  

for ( )., , CsanMBA ∈  
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4. Proof of Theorem 3.1 

Let ( ),1,,1 C+=
∈φφλ=ρ ∑ niii

n
i M  where { }n

ii 1=φ  is an orthonormal 

set in .nC  Let ( )gf ,  be a CLI monotone pair and ( )hf ,  be a CLI 
monotone or anti-monotone pair. By a simple calculation, we have for any 

( )CsanMH ,∈  

[ ( ) ( ) ( ) ] { ( ) ( ) ( ) ( ) ( ) ( )} ;2
1 2

,

2
0 ijjjjiii

ji
ahgfhgfHhgfTr λλλ+λλλ=ρρρ ∑  

(4.1) 

[ ( ) ( ) ( ) ] { ( ) ( ) ( ) ( ) ( ) ( )} ;2
1 2

,
00 ijijjjii

ji
ahgfhgfHhHgfTr λλλ+λλλ=ρρρ ∑  

(4.2) 

[ ( ) ( ) ( ) ] { ( ) ( ) ( ) ( ) ( ) ( )} ;2
1 2

,
00 ijiijjji

ji
ahgfhgfHhgHfTr λλλ+λλλ=ρρρ ∑  

(4.3) 

[ ( ) ( ) ( ) ] { ( ) ( ) ( ) ( ) ( ) ( )} ,2
1 2

,
00 ijiijjji

ji
ahfghfgHhfHgTr λλλ+λλλ=ρρρ ∑  

(4.4) 

where jiij Ha φφ= 0  and .jiij aa =  From (4.1)-(4.4), we get 

( )( ) ( ( ) ( )) ( ( ) ( )) ( ( ) ( )) ;2
1 2

,,, ijjijiji
ji

hgf ahhggffHI λ+λλ−λλ−λ= ∑
<

ρ  

( )( ) ( ( ) ( )) ( ( ) ( )) ( ( ) ( )) .2
1 2

,,, ijjijiji
ji

hgf ahhggffHJ λ+λλ+λλ+λ≥ ∑
<

ρ  

To prove Theorem 3.1, we need to control a lower bound of a 
functional coming from a CLI monotone or anti-monotone pair. For 

hgf ,,  satisfying Assumption (I) or (II), we define a function L on 
[ ] [ ]1,01,0 ×  by 



KENJIRO YANAGI and SATOSHI KAJIHARA 12

( ) ( ( ) ( ) ) ( ( ) ( ) ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( )( )

., 2

22222

yhygyfxhxgxf
yhxhygxgyfxfyxL

−

+−−
=  (4.5) 

Proposition 4.1. Under the Assumption (I) or (II), 

[ ]
( ) ( ),,,16,min

1,0,
hgfyxL

yx
β≥

∈
 

where ( )hgf ,,β  is defined in (3.1). 

For the proof of Proposition 4.1, we need the following lemma: 

Lemma 4.1. If 0,, ≥cba  satisfy cba ≤+<0  or if 0,0, ≤≥ cba  

satisfy ,0>++ cba  then the inequality 

( ) ( ) ( )
( ( ) ) ( )

,16
1

111
22

222

cba
ab

e
eee

rcba

crbrar

++
≥

−

+−−
++

 

holds for any real number r. 

Proof. We put .ter =  Then, we may prove the following: 

( ) ( ) ( )
( )

( ( ) ) ,116111 2
2

222 −
++

≥+−− ++ cbacba t
cba

abttt  (4.6) 

for .0>t  It is sufficient to prove (4.6) for 1≥t  and ,0,, ≥cba  

cba ≤+<0  or .0,0,0, >++≤≥ cbacba  

By Lemma 3.3 in [13], we have for 10 ≤≤ p  and ,1≥s  

( ) ( ( ) ) ( ) ( ) .11411 2122 −−≥−− − sppss pp  

We assume that .0, ≥ba  We put ( )baap +=  and ( ) .1 ts ba =+  Then 

( ) ( )
( )

( ) .1411 2
2

22 −
+

≥−− +baba t
ba

abtt  

Then we have 

( ) ( ) ( )
( )

( ) ( ) .114111 22
2

222 +−
+

≥+−− + cbacba tt
ba

abttt  
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In order to show the aimed inequality, we have to prove that 

( ) ( ) ( )
( )

( ) .1411 2
2

2
22 −

++

+
≥+− +++ cbacba t

cba
batt  

Since ,0>++ cba  it is sufficient to prove the following inequality: 

( ) ( ) ( ) ( ),1211 −
++

+≥+− +++ cbacba tcba
batt  (4.7) 

for 1≥t  and cbacba ≤+<≥ 0,0,,  or .0,0,0, >++≤≥ cbacba  

We put 

( ) ( ) ( ) ( ) ( ).1211 −
++

+−+−= +++ cbacba tcba
batttS  

Then 

( ) {( ) ( ) }.1 cbabac tbactbacttS −++− ++−−−=′  

Here we put 

( ) ( ) ( ) .cbaba tbactbactT −++ ++−−−=  

Then 

( ) ( ) ( ) ( ).11 −−−+=′ −−+ ccba ttbacbatT  

When ( ) .0, ≥′≤+ tTcba  Since ( ) ( ) 0,01 ≥= tTT  for .1≥t  Then 

( ) .0≥′ tS  Since ( ) ( ) 0,01 ≥= tSS  for .1≥t  On the other hand, when 

( ) .0,0 ≥′≤ tTc  Since ( ) ( ) 0,01 ≥= tTT  for .1≥t  Then ( ) .0≥′ tS  Since 

( ) ( ) 0,01 ≥= tSS  for .1≥t  Hence we get (4.7).   

Proof of Proposition 4.1. Let .yx <  In the last line of (4.5), 

dividing both the numerator and the denominator by ( ) ( ) ( )( )2xhxgxf  and 

by using ( ) ( ) ( ) ( ),log,log xgxGxfxF ==  and ( ) ( ),log xhxH =  we get 
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( ) ( ( ) ( )( ) ) ( ( ) ( )( ) ) ( ( ) ( ) )
( ( ) ( ) ( ) ( ) ( ) ( ) )

.
1

111, 2

222

−

+−−
=

−+−+−

−−−

xHyHxGyGxFyF

xHyHxGyGxFyF

e
eeeyxL  

By the generalized mean value theorem, there exist ( ),yzxz <<  
( )ywxw <<  such that 

( ) ( )
( ) ( )

( )
( ) ( ) ( ) ( )

( ) ( )
( )
( ) ( )., wwF
wH

xFyF
xHyHzkzF

zG
xFyF
xGyG

=
′
′

=
−
−

=
′
′

=
−
−  

Thus, we have 

( ) ( ( ) ( )( ) ) ( ( ) ( ) ( )( ) ) ( ( ) ( ) ( )( ) )
( ( ) ( )( ) ( ) ( )( ) )

.
1

111, 21

222

−

+−−
=

−++

−−−

xFyFwzk

xFyFwxFyFzkxFyF

e
eeeyxL  

It follows from Lemma 4.1 that for any ,0>R  the function 

( ) ( ) ( ) ( ) ( )
( ( ) )

,
1

111,, 21

222

−

+−−
=→

++k

k

R
RRRkAk  

defined in [ ] [ ]NnMmk ,,, ∈∈  is bounded from below by 
( ){ }.,min , kANnMkm ≤≤≤≤  It is easy to obtain 

( ){ } ( ).,,16,min
,

hgfkA
NnMkm

β≥
≤≤≤≤

 

We complete the proof.   

Proof of Theorem 3.1. Since 

( ) ( ) ( )[ ][ ] [ ( ) ( ) ( )[ ]]00 ,, BAhgfTrBAhgfTr ρρρ=ρρρ  

{ [ ( ) ( ) ( ) ]}00Im2 BAhgfTri ρρρ=  

( ( ) ( ) ( )λλλ= ∑
<

hgfi
m

Im2  

( ) ( ) ( )) mmmmm bahgf λλλ−  

( ( ) ( ) ( )λλλ= ∑
<

hgfi
m

2  

( ) ( ) ( )) ( ),Im mmmmm bahgf λλλ−  
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for any ( ),, , CsanMBA ∈  where φφ= 0Aa mm  and ,0 mm Bb φφ=  

we have 

( ) ( ) ( )[ ][ ]BAhgfTr ,ρρρ  

( ) ( ) ( ) ( ) ( ) ( ) ( )mmmmm
m

bahgfhgf Im2 λλλ−λλλ≤ ∑
<

 

( ) ( ) ( ) ( ) ( ) ( ) .2 mmmmm
m

bahgfhgf λλλ−λλλ≤ ∑
<

 

By Proposition 4.1, we have 

( ) ( ) ( ) ( )[ ][ ] 2,,, BAhgfTrhgf ρρρβ  

( ) ( ( ) ( ) ( ) ( ) ( ) ( ) )2,,4 mmmmm
m

bahgfhgfhgf λλλ−λλλβ≤ ∑
<

 

( ( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( )) )222222
4
1

mmmmm
m

bahhggff λ+λλ−λλ−λ≤ ∑
<

 

( ( ) ( ) ( ) ( ) ( ) ( ) ) ,,,,,,,4
1 2

mhgfmhgf
m

bmmmammm ΓΓΓΓ∆∆= ∑
<

 

where ( ) ( ) ( ) ( ) ( ) ( ),,,, mgmf ggmffm λ−λ=∆λ−λ=∆  and ( )mf ,Γ  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,,,, mhmgm hhmggmff λ+λ=Γλ+λ=Γλ+λ=  By 

Schwartz inequality, we have 

( ) ( ) ( ) ( )[ ][ ] 2,,, BAhgfTrhgf ρρρβ  

( ) ( ) ( ) 2,,,2
1

mhgf
m

ammm Γ∆∆≤ ∑
<

 

( ) ( ) ( ) 2,,,2
1

mhgf
m

bmmm ΓΓΓ× ∑
<

 

( )( ) ( )( ).,,,,,, BJAI hgfhgf ρρ≤  
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Similarly, we have 

( ) ( ) ( ) ( )[ ][ ] ( ) ( ) ( ) ( ).,,, ,,,,,,
2 AJBIBAhgfTrhgf hgfhgf ρρ≤ρρρβ  

Hence by multiplying the above two inequalities, we have 

( ) ( ) ( ) ( )[ ][ ] ( )( ) ( )( ).,,, ,,,,,,
2 BUAUBAhgfTrhgf hgfhgf ρρ≤ρρρβ  

 

When ( ) ,1=xh  we obtain the result given by Ko and Yoo [5]. 

Corollary 4.1 ([5]). If ( )gf ,  is CLI monotone pair, then the following 

inequality holds: 

( )( ) ( )( ) ( ) ( ) ( )[ ][ ] ,,, 2
,,,, BAgfTrgfBUAU gfgf ρρβ≥ρρ  

for ( ),, , CsanMBA ∈  where 

( )( ) [( [ ( ) ]) ( [ ( ) ])],,,2
1

00,, AgiAfiTrAI gf ρρ=ρ  

( )( ) [{ ( ) }{ ( ) }],,,2
1

00,, AgAfTrAJ gf ρρ=ρ  

( )( ) ( ) ( ) ,,,,,,, gfgfgf JIAU ρρρ =  

( )
( ) ( )

.,min, 22 











++
=β

Mm
M

Mm
mgf  

We also have the following corollary: 

Corollary 4.2. Let ( ) ( ) ( ) ( ) ( ) γβα =≥β=≥α= xxhandxxgxxf ,0,0  

( ).00 ≤γ≥γ or  

(1) If 0,, ≥γβα  satisfy ,0 γ≤β+α<  then 

( )
( )

.,, 2γ+β+α

αβ=β hgf  
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(2) If 0,0, ≤γ≥βα  satisfy ,0>γ+β+α  then 

( )
( )

.,, 2γ+β+α

αβ=β hgf  

Remark 4.1. When 0,0, <γ≥βα  satisfy ,0>γ+β+α  we remark 

that ( )xh  is not continuous function on [ ]1,0  because 

( ) .lim
0

∞+=
+→

xh
x

 

Then in this case by putting 0>  such that   is smaller than the 
minimal eigenvalue of ,ρ  we can assume that ( )xh  is continuous on 

[ ].1,  Hence we obtain the same result as Corollary 4.2. 

Remark 4.2. When 0=γ  in (2) of Corollary 4.2, we have the result 

in [15] (Theorem 2.3). And when 1=γ+β+α  in Corollary 4.2, we have 

the result in [14] (Theorem 2.2). That is (1) implies 2
1,0, ≤β+α≥βα  

and (2) implies .1,0, ≥β+α≥βα  
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