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Abstract

In the [3] is proven that almost every, in terms of measure P4, subsequence
S(x) of double sequence S converges to L in the Pringsheim’s sense, if and only
if sequence S uniformly statistically converges to L. In this paper, it is proven
that analogue is valid and for lacunary uniformly statistical convergence.
Almost every, in terms of measure P4, subsequence S(x) of double sequence S
converges to L in the Pringsheim’s sense, if and only if sequence S lacunary
uniformly statistically converges to L.

This is not true for measure P.

Almost every, in terms of measure P, subsequence S(x) of double sequence S of
0’s and 1’s is not almost uniformly statistically convergent, if is sequence S
lacunary uniformly statistically convergent and divergent in the Pringsheim’s
sense.
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1. Introduction

The concept of the statistical convergence of a sequences of real
numbers was introduced by Fast [10]. Furthermore, Gokhan et al. [13]
introduced the notion of pointwise and uniform statistical convergent of
double sequences of real-valued function. Diindar and Altay [5-9]
investigated the relation between I-convergence of double sequences.
Fridy and Orhan [12] have studied lacunary statistical convergence of
single sequences. Patterson and Savas in [14] defined the lacunary
statistical analogue for double sequences. Now, we recall that the

definitions of concepts of ideal convergence and basic concepts [1, 2, 11].
The sequence S;; of real numbers converges to L in the Pringsheim’s
sense, if for Ve > 0, 3K > 0 such that

|SL] —Ll <eg Vi, j2= K.

We write lim S;; = L.

1, ] >©

Let K « NxN. Let K,,, be the number of (i, j) € K such that

i<n,j<mlIf

dy(K) = lim Ham

n,m—o nm

in the Pringsheim’s sense then, we say that K has double natural density.

Let is sequence Sij of real numbers and ¢ > 0. Let
A(e) = 1{(i, j) e NxN:[S; - L| > &}.

The sequence S = S;; statistically converges to L € R if dy(A(g)) = 0

for Ve > 0.
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We write st —lim S;; = L. Let is set X # 0. A class I of subsets of X
is said to be an ideal in X provided the following statements hold:
@ 0 e I,
() A, Bel > AUB € I,
(i) Ael,Bc A= Bel

The ideal is called nontrivial if I # {0} and X e I°. A nontrivial

ideal I is called admissible if it contains all the singleton sets. A

nontrivial ideal I on N x N is called strongly admissible if {i} x N and

N x {i} belong to I for each i € N.
A nonempty family F of subsets of a set X is called a filter if
(1) 0 e F€,
(i) A, Be F => ANBekPF,
(i) Ae F,Ac B=> BePF.

In this paper, the focus is put on ideal I,, c 2N defined by: subset
A belongs to the I, if

lim $|{i<p,j<q:(n+i,m+j)eA}|=0,

P, g—>®

uniformly on n, m € N in the Pringsheim’s sense. That is subset A of the

set N x N is uniformly density zero.

The sequence S = S;; uniformly statistically converges to L if for any

e>0

{G, ) e NxN:|S; - L| 2 g} € I,.
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That is sequence S =S;; uniformly statistically converges to L if

Ve, ¢ > 0, dK > 0 such that
i“z <D j<q:|Spiimej—Ll2el|<€,Vp, g2 K,Vn,meN

We write Ust — lim S;; = L.

We denote with X a set of all double sequences of 0’s and 1’s, i.e.,
X={x=xij :xij E{O,l},i,jEN}.
Let sequence S = S;; and x € X. Then with S(x) we denote a sequence

defined following way:

Slj(x) = Sij’ for Xij = 1.

The mapping x — S(x) is a bijection of the set X to a set of all

subsequences of the sequence S.

Then, under the Lebesgue measure on the set of all subsequences of

the sequence S consider Lebesgue measure on the set X.

Let B smallest c-algebra subsets of the set X which contains of

subsets in the form of:
{x = (xnm) e X: Xpmg = Q1 Xngmg = Q25 s Xpypmy, = ak}’
Ay, o+, A € {0, ].}, k e N.

There is a unique Lebesgue measure P on the set X for which the

following applies:
. 1
P({x :(xnm)eX'xnlml :al?xnzmz :a2""’xnkmk :ak}):?'

The subsequence S(x) of sequence S uniformly statistically converges to
Lif Ve, ¢’ > 0, 3K > 0 such that for Vp, ¢ > K and Vn, m € N provided

that x,,,, =1, we have
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|{i <p,j<q: |Sn+i,m+j _Ll 28 Xpyimrj = l}l < ¢
|{i<p’j<q:xn+i,m+j :1}| S

We write Ust — lim Sj;(x) = L.

By a lacunary sequence, we mean an increasing sequence © = (k)

such that
ko =0and h,. =k, —k._; > 0asr - .
Let
I ={G, j)e NxN: i, j <k},

Ip ={(, j)) e NxN:i, j <k} \ I, ...,

I ={(i, j)e NxN:i, j<k}\ (I,,IUIr,2U...U11), for Vr e N,

The sequence S;; lacunary statistically converges to L if Ve > 0, we have
lim 2 |{G, /) e I, :|S;; — L| > ¢}| = 0.
r—o |Ir| r Y

We write Sg —lim S;; = L.

Fridy proved that if S = S; sequence of real numbers and © = (k,)

lacunary sequence such that

r r

1 < lim inf

k .
< lim sup < oo,

krq r-1
Then, sequence S = S; statistically convergent if and only if it lacunary
statistically convergent.
Let S = S;; double sequence of real numbers and © = (k) lacunary

sequence of natural numbers.
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A sequence S = S;; lacunary uniformly statistically converges to real
number L if Ve, ¢' > 0, Iy € N such that for Vr > ry and Vn, m e N,

we have
1 .. ’
ml{(l, J) € Ir : |Sn+i,m+j - Ll = g}| <e.
r

We write Ustg — lim S;; = L.

The subset A of the set N x N is lacunary uniformly density zero if

Ve > 0, 3y € N such that for Vr > 1y and Vn, m € N, we have

1
1]

G, j)el, :(n+i,m+j)e A} <e

2. New Results

Not almost every, in terms of P, subsequence S(x) of double sequence

S is convergent to L in the Pringsheim’s sense if S converges to L

lacunary uniformly statistically.

Example. Let be © = (k.) lacunary sequence and A c NxN
lacunary uniformly density zero such that for VN € N, 3(, j) e A and
i j>N.

Let the sequence S = (S;;) defined as

1’ (i’ j) $ A’
y -

0, (@, j) e A.

Then, Ve > 0, Vn, m € N, the following is valid:
1 ..
ml{(l’ Nelp: |Sn+i,m+j _1| 2 g}l

=|11—Z||{(i,j)e1,;(n+i,m+j)eA}|—>0forl—>oo.
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Respectively, Ustg —lim S;; = 1. Let

B = ﬂM=1Ui’j2M{x e X : xlj = ]_, (l, J) e A}

> PfxeXix=1)= 1_.
i, j2M,(i,j)eA i, j2M,(i,j)eA
Due to second part of Borel-Cantelli lemma, P(B) = 1.

Since subsequence S(x) of S does not converge to 1 in the

Pringsheim’s sense if and only if x € B, it,

P({x € X : lim S;j(x) =1 in the Pringsheim’s sense}) = 0.
1, ] —>®©

Let A < N x N. There is a unique measure P, on X with the property:

1 .o
Ea (l’ ])QEA,
PA({xeX:xijzl}): 1
ERE) (l7 j)EA’
2L+J
PA({x e X: xi1j1 =4ap, xikjk = ak})

= PA({x e X : xiljl = al})wPA({x e X : xikjk = ak,}).

Analogue theorem is valid: Let the sequence S = (Sij) be divergent in

the Pringsheim’s sense. Then, S uniformly statistically converges to L if

and only if 3A < N x N uniformly density zero such that

Py({x € X : lim Sji(x) = L in the Pringsheim’s sense}) = 1.
i, j—0

Theorem 2.1. Let the sequence S = (Sij) divergent in the Pringsheim’s

sense. Then, the sequence S lacunary uniformly statistically converges to L

if and only if 3A < N x N lacunary uniformly density zero such that

Py({x € X : lim Sji(x) = L in the Pringsheim’s sense}) = 1.
1, ] —>®©
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Proof. Because of lemma the following is valid: Let is Ustg — lim
S;; = L, then 3A c N x N lacunary uniformly density zero such that the

subsequence S(y) of S converges to L in the Pringsheim’s sense for

1, @i, J) ¢ A,
Yij =

0, (G, j)e A

Not generalizing we can assume that L is not a point accumulation of the

subsequence S(x) for

1, @, j)e A,
Xii =
0, (@, j) ¢ A.

Hence, the subsequence S(z) converges to L in the Pringsheim’s sense if

and only if 3M € N such that
(G j)eNxN:z; =14, j> M} A =0.

Let
By =f{xeX:x;=14ij>M( j)e A}, B= ﬂBM

Then, VM e N, is,

1 1 1
Po(B) < Py(By) = Z - < =
i, j>M,G,j)eA i M 2

Hence, P4(B) = 0. Since the set B is a set of all x € X for which S(x)
does not converge to L in the Pringsheim’s sense. It,

Py({x € X : lim Sji(x) = L in the Pringsheim’s sense}) = 1.
i, ] >0
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Let the sequence S not be lacunary uniformly statistically convergent

and let A ¢ Nx N lacunary uniformly density zero. Then, due to the

lemma, the subsequence S(x) is divergent in the Pringsheim’s sense for
1, @i, J) ¢ A,

xij =
0, (@, j) € A.

The following cases can be presented:

(a) El(”k): (mk)7 ng/, my/, (nk7 mk) ¢ A, Snkm]C

[\

k for Vk,

A

(b) Any.), (my), ny,/”, my,/, (g, my.) ¢ A, Snkmk < —k for Vk,

© i), (i), Anf), (miF), (nf, mi), (nf, mf) & A, Sy 4 <% <u

< Sn%m% It follows:

@ Y Pallx e X ity 1= 2=,

® D" Pallr e Xinyy =1)= S =o,

E=12

@) Zk=1PA({x eX: il = 1}) = Zk=1PA({x eX: X, 22 = 1}) = co.
Then due to second part of Borel-Cantelli lemma the following is valid:

(@) Py({x e X : Xpm, =1 for infinite k}) =1,

(b) Py({x € X : x,,,, =1 for infinite k}) =1,

() Py({x e X : Xdnl = X200 = 1 for infinite k}) = 1.

It follows
P,o({x € X : S(x) divergent in the Pringsheim’s sense}) = 1.
Hence,

P4({x € X : S(x) convergent in the Pringsheim’s sense}) = 0.
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Lemma 2.2 ([4]). Let is © = (k.) lacunary sequence and S = S;;
double sequence. Then, Ustg —limS;; = L if and only if 3A < NxN

lacunary uniformly density zero and lim S;; (x) = L, in the Pringsheim’s
i,j—>o

sense, for
15 (ly J) é A’
xij =
0, (@, j) e A.
Proof. Let is Ustg — lim S;; = L. Then there is a sequence of natural
numbers (u, ), such that for VI > u, and Vn, m € N, we have

<1
r

.. 1
{(l’ ]) € Il : |Sn+i,m+j - Ll 2 _}

1
| r

Let

© | . N tp -1 1
a-U UL o forimei e nisuim 112 2,
We define x € X the following way:
1, @i, J) ¢ A,
xij =
0, (@, j) e A.
For Ve > 0, 3ry € N such that for Vr >y, we have %S e. From the

definition of the sequence x, such that for [>w, and Vn,meN

provided that x,; ,,,; =1, we have

|Sn+i,m+j(x)_ Ll = |Sn+i,m+j - Ll <&

Hence, for Vi, j > kuro and Vi, j € N provided that x; =1, we have

|Sl](x) - Ll <e
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Hence, the subsequence S(x) converges to L, in the Pringsheim’s sense.

For VI < u, and Vn, m € N valid
ﬁu(i, el :(n+i,m+j) e A

_ 1
| ;]

~ =
IA
m

- 1
{(l, J) eIy |Snyimej— LI 2 ;}

Hence,

lim L|{(L, el :(n+i, m+j)e A}| =0, uniformly for Vn, m € N.
[—o0 |Il|
We assume that there is a subset A of the set N x N such that

llim ﬁ“(z, jel;:(n+i,m+j)e A}l =0, uniformly for Vn,me N
—>0 1

and lim S;(x) = L, in the Pringsheim’s sense, for
i, j—>0
1, @i, J) ¢ A,
0, (@, j) € A.

For Ve > 0, AN e N such that for Vn, m > N, we have

IN
m

|Snm(x) - Ll

For VI € N such that k;_; > N. Then,
1 ..
ml{(l’ Nelp: |Sn+i,m+j _Ll 2 g}l
1 .. . .
= m|{(L, Nelpin+i<NVm+j<N,|[S,mej— L > el

1 .. . .
—l||{(z, jel;:n+i,m+j>=N, |Sn+i,m+j - L| > el

+|I
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< 2N(ky —kyy)

X G el nvimt 2N, (nti,m+j)e A
T ]

p 2N(ky — k)

) L e Iz (s im+ ) € Al
kl _kl—l |Il|

Obviously, the first summation converges to zero uniformly on n, m € N.
The second summation converges to zero uniformly on n, m € N due to

the assumption.
SO, USt@ - lim SU = L.

Theorem 2.3. Let is © = (k,) lacunary sequence. Then, almost every

double sequence of 0’s and 1’s is not lacunary uniformly statistically

convergent.

Proof. Let

A, ={xeX: Xn+in+j = b @ J) eI}

Since P(A;}) = L, vn e N, it is
ol

> P(ay) - Z‘;ﬁ ~ 4

Since A],i are independent, based on the second part of Borel-Cantelli

lemma:

P(lim sup A,rLj =1.

n

We denote A" = limsup A;,, A = limsup A”. Since P(A") =1, Vr e N,

n r

itis 3" P(A") = +.
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Due to second part of Borel-Cantelli lemma, it follows P(A) = 1. Let

is x € A then, for Vry € N, 3n € N, 3r > ry such that x € A,,. It follows

Vx € A does not converge lacunary uniformly statistically to O.

Completely analogously, almost every x € X does not converge

lacunary uniformly statistically to 1.

Every lacunary uniformly statistically convergent sequence x € X

converges 0 or 1. It follows
P({x € X : x = (x;;) convergent lacunary uniformly statistically}) = 0.
Definition 2.4. The subsequence S(x) of sequence S lacunary

uniformly statistically converges to L if Ve, ¢’ > 0, 3K > 0 such that for

vr 2 K and Vn, m € N provided that x,,, =1, we have

H(i’ ]) el : |Sn+i,m+j - Ll 2 g, Xn+i,m+j = 1}| <é¢
H(i» Nel, : Xn+i,m+j = 1}| S

We write Ustg — lim Sj;(x) = L.

Almost every, in terms of measure P, subsequence of uniformly
statistically convergent double sequence S is uniformly statistically
convergent. This analogue is valid also for lacunary uniform statistical

convergence double sequences of 0’s and 1’s.

Theorem 2.5. Let is S;; sequence of 0’s and 1’s that is convergent

lacunary uniformly statically and divergent in the Pringsheim’s sense. Let

is ©® = (k,) lacunary sequence. Then,
P({x € X : Sjj(x) convergent lacunary uniformly statistically}) = 0.

Proof. Since a sequence S;; convergent lacunary uniformly statically,
it is,

Ustg —limS;; =1 or 0.
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Suppose it is Ustg —lim S;; =1 and lim S;; # 1 in the Pringsheim’s

i, joo
sense. Then, there exists infinite subsequence (k,,) of the sequence (F;, )
such that for VI e N, 3(, j) € I,, we have S;; = 0. Not generalizing we

can assume that for vr e N, 3(i, j) € I,, we have S;; = 0. Let

r ] o ..
Ay ={xeX: Xn+in+j = Sn+i,n+j’(l, J)e I},
where 1s

1, SL] = 0,
Sj;

1
A

> P(ay) - Z‘;ﬁ = 4.

Since A,Ii are independent, based on the second part of Borel-Cantelli

Since P(A]) =

, 1t 18

lemma:

P(lim sup A,';) =1.

n

We denote A" =limsupA),, A =limsup A”". Since P(A")=1,VreN,
n r
. . o0 r _
it is, Zr=1P(A ) = +oo.

Due to second part of Borel-Cantelli lemma, it follows P(A) = 1. Let
is x € A then, for Vi € N, 3n € N, 3r > ry such that x € A],. Then, for

Ve > 0, we have

|{(L’ ]) € Ir : |Sn+i,n+j _]-l 2 g, Xn+in+j = 1}|
|{(i’ Nel, : Xn+in+j = 1}|

=1.
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Hence, subsequence S(x) does not converge lacunary uniformly

statistically to 1. Completely analogously, almost every subsequence

S(x) of sequence S;; does not converge lacunary uniformly statistically

to 0. It follows

P({x € X : S(x) convergent lacunary uniformly statistically}) = 0.

(1]

(2]

(3]

(4]

(5]

(6]

(7

(8]

(9]

(10]
(11]

References

B. Altay and F. Basar, Some new spaces of double sequences, J. Math. Anal. Appl.
309(1) (2005), 70-90.

DOI: https://doi.org/10.1016/j.jmaa.2004.12.020

M. Balcerzak, K. Dems and A. Komisarski, Statistical convergence and ideal
convergence for sequences of functions, J. Math. Anal. Appl. 328(1) (2007), 715-729.

DOI: https://doi.org/10.1016/j.jmaa.2006.05.040

F. Cunjalo and F. Destovi¢, Subsequence characterization of uniform statistical
convergence of double sequence, Res. Comm. Math. Math. Sci. 9(1) (2017), 37-50.

F. éunjalo, Some characterization of lacunary uniform statistical convergence of
double sequences, Res. Comm. Math. Math. Sci. 10(1) (2018), 1-12.

E. Dindar, On rough Iy-Convergence of double sequences, Numer. Func. Anal.
Optim. 37(4) (2016), 480-491.

DOI: https://doi.org/10.1080/01630563.2015.1136326
E. Diindar and B. Altay, Iy-Convergence of double sequences of functions, El. J.
Math. Anal. Appl. 3(1) (2015), 111-121.
E. Dindar and B. Altay, Iy-Convergence and Ig9-cauchy double sequences, Acta
Math. Sci. 34(2) (2014), 343-353.

DOI: https://doi.org/10.1016/50252-9602(14)60009-6
E. Diindar and B. Altay, Iy-Uniform convergence of double sequences of function,
Filomat 30(5) (2016), 1273-1281.

DOI: https://doi.org/10.2298/F1L1605273D

E. Diindar and B. Altay, On some properties of Io-convergence and Iy-cauchy of
double sequences, Gen. Math. Notes 7(1) (2011), 1-12.
H. Fast, Sur la convergenc statistique, Colloqg. Math. 2(3-4) (1951), 241-244.
dJ. A. Fridy, On statistical convergence, Analysis 5(4) (1985), 301-313.
DOIL: https://doi.org/10.1524/anly.1985.5.4.301



40 FIKRET CUNJALO
[12] dJ. A. Fridy and C. Orhan, Lacunary statistical convergence, Pacific J. Math. 160(1)
(1993), 43-51.
DOTI: https://doi.org/10.2140/pjm.1993.160.43

[13] A. Gokhan, M. Giingér and M. Et, Statistical convergence of double sequences of
real-valued functions, Int. Math. Forum 2(8) (2007), 365-374.

DOI: http://dx.doi.org/10.12988/imf.2007.07033

[14] R. F. Patterson and E. Savas, Lacunary statistical convergence of double sequences,
Math. Comm. 10(1) (2005), 55-61.



