
Research and Communications in Mathematics and Mathematical Sciences 
Vol. 10, Issue 1, 2018, Pages 25-40 
ISSN 2319-6939 
Published Online on February 27, 2018 
 2018 Jyoti Academic Press 
http://jyotiacademicpress.org 

2010 Mathematics Subject Classification: Primary 40B05; Secondary 40A35, 40G15. 
Keywords and phrases: multiple sequences, statistical convergence. 
Communicated by Erdinc Dundar. 
Received January 23, 2018; Revised February 15, 2018 

CHARACTERIZATION IN TERMS OF MEASURE  
OF LACUNARY UNIFORM STATISTICAL 

CONVERGENCE OF DOUBLE SEQUENCES 

FIKRET ČUNJALO 

Department of Mathematics 
Faculty of Natural Sciences and Mathematics 
University of Sarajevo 
Bosnia & Herzegovina  
e-mail: fcunjalo01@hs-hkb.ba 

Abstract 

In the [3] is proven that almost every, in terms of measure ,AP  subsequence 

( )xS  of double sequence S converges to L in the Pringsheim’s sense, if and only 
if sequence S uniformly statistically converges to L. In this paper, it is proven 
that analogue is valid and for lacunary uniformly statistical convergence. 
Almost every, in terms of measure ,AP  subsequence ( )xS  of double sequence S 
converges to L in the Pringsheim’s sense, if and only if sequence S lacunary 
uniformly statistically converges to L. 

This is not true for measure P. 

Almost every, in terms of measure P, subsequence ( )xS  of double sequence S of 
0’s and 1’s is not almost uniformly statistically convergent, if is sequence S 
lacunary uniformly statistically convergent and divergent in the Pringsheim’s 
sense. 
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1. Introduction 

The concept of the statistical convergence of a sequences of real 
numbers was introduced by Fast [10]. Furthermore, Gökhan et al. [13] 
introduced the notion of pointwise and uniform statistical convergent of 
double sequences of real-valued function. Dündar and Altay [5-9] 
investigated the relation between I-convergence of double sequences. 
Fridy and Orhan [12] have studied lacunary statistical convergence of 
single sequences. Patterson and Savaş in [14] defined the lacunary 
statistical analogue for double sequences. Now, we recall that the 
definitions of concepts of ideal convergence and basic concepts [1, 2, 11]. 

The sequence ijS  of real numbers converges to L in the Pringsheim’s 

sense, if for 0,0 >∃>ε∀ K  such that 

.,, KjiLSij ≥∀ε≤−  

We write .lim
,

LSijji
=

∞→
 

Let .NN ×⊂K  Let nmK  be the number of ( ) Kji ∈,  such that 

., mjni ≤≤  If 

( ) ,lim
,2 nm

KKd nm
mn ∞→

=  

in the Pringsheim’s sense then, we say that K has double natural density. 
Let is sequence ijS  of real numbers and .0>ε  Let 

( ) {( ) }.:, ε≥−×∈=ε LSjiA ijNN  

The sequence ijSS =  statistically converges to R∈L  if ( )( ) 02 =εAd  

for .0>ε∀  
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We write .lim LSst ij =−  Let is set .0/≠X  A class I of subsets of X 

is said to be an ideal in X provided the following statements hold: 

(i) ,0 I∈/  

(ii) ,, IBAIBA ∈⇒∈ ∪  

(iii) ., IBABIA ∈⇒⊂∈  

The ideal is called nontrivial if { }0/≠I  and .cIX ∈  A nontrivial 

ideal I is called admissible if it contains all the singleton sets. A 
nontrivial ideal I on NN ×  is called strongly admissible if { } N×i  and 

{ }i×N  belong to I for each .N∈i  

A nonempty family F of subsets of a set X is called a filter if 

(i) ,0 cF∈/  

(ii) ,, FBAFBA ∈⇒∈ ∩  

(iii) ., FBBAFA ∈⇒⊂∈  

In this paper, the focus is put on ideal NN×⊂ 2uI  defined by: subset 

A belongs to the uI  if 

( ){ } ,0,:,1lim
,

=∈++<<
∞→

Ajminqjpipqqp
 

uniformly on N∈mn,  in the Pringsheim’s sense. That is subset A of the 

set NN ×  is uniformly density zero. 

The sequence ijSS =  uniformly statistically converges to L if for any 

0>ε  

{( ) } .:, uij ILSji ∈ε≥−×∈ NN  
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That is sequence ijSS =  uniformly statistically converges to L if 

0,0, >∃>ε′ε∀ K  such that 

{ } .,,,,:,1
, N∈∀≥∀ε′<ε≥−<< ++ mnKqpLSqjpipq jmin  

We write .lim LSUst ij =−  

We denote with X a set of all double sequences of 0’s and 1’s, i.e., 

{ { } }.,,1,0: N∈∈== jixxxX ijij  

Let sequence ijSS =  and .Xx ∈  Then with ( )xS  we denote a sequence 

defined following way: 

( ) .1for, == ijijij xSxS  

The mapping ( )xSx →  is a bijection of the set X to a set of all 

subsequences of the sequence S. 

Then, under the Lebesgue measure on the set of all subsequences of 
the sequence S consider Lebesgue measure on the set X. 

Let β  smallest σ-algebra subsets of the set X which contains of 

subsets in the form of: 

{ ( ) },,,,: 21 2211 kkk
axaxaxXxx mnmnmnnm ===∈= "  

{ } .,1,0,,1 N∈∈ kkaa "  

There is a unique Lebesgue measure P on the set X for which the 
following applies: 

({ ( ) }) .
2
1,,,: 21 2211 kkkk

====∈= axaxaxXxxP mnmnmnnm "  

The subsequence ( )xS  of sequence S uniformly statistically converges to 

L if 0,0, >∃>ε′ε∀ K  such that for Kqp ≥∀ ,  and N∈∀ mn,  provided 

that ,1=nmx  we have 



CHARACTERIZATION IN TERMS OF MEASURE … 29

{ }
{ } .1:,

1,:,
,

,, ε′≤
=<<

=ε≥−<<

++

++++

jmin

jminjmin
xqjpi

xLSqjpi
 

We write ( ) .lim LxSUst ij =−  

By a lacunary sequence, we mean an increasing sequence ( )rk=Θ  

such that 

.asand0 10 ∞→∞→−== − rh rrr kkk  

Let 

( ){ },,:, 11 k≤×∈= jijiI NN  

( ){ } ,,\,:, 122 …IjijiI k≤×∈= NN  

{( ) } ( ) .for,\,:, 121 NNN ∈∀≤×∈= −− rIIIjijiI rrrr ∪∪∪ …k  

The sequence ijS  lacunary statistically converges to L if ,0>ε∀  we have 

{( ) } .0:,1lim =ε≥−∈
∞→

LSIjiI ijr
rr

 

We write .lim LSS ij =−Θ  

Fridy proved that if iSS =  sequence of real numbers and ( )rk=Θ  

lacunary sequence such that 

.supliminflim1
11

∞<≤<
−− r
r

r
r

k
k

k
k  

Then, sequence iSS =  statistically convergent if and only if it lacunary 

statistically convergent. 

Let ijSS =  double sequence of real numbers and ( )rk=Θ  lacunary 

sequence of natural numbers. 
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A sequence ijSS =  lacunary uniformly statistically converges to real 

number L if N∈∃>ε′ε∀ 0,0, r  such that for 0rr >∀  and ,, N∈∀ mn  

we have 

{( ) } .:,1
, ε′≤ε≥−∈ ++ LSIjiI jminr

r
 

We write .lim LSUst ij =−Θ  

The subset A of the set NN ×  is lacunary uniformly density zero if 
N∈∃>ε∀ 0,0 r  such that for 0rr >∀  and ,, N∈∀ mn  we have 

{( ) ( ) } .,:,1 ε≤∈++∈ AjminIjiI r
r

 

2. New Results 

Not almost every, in terms of P, subsequence ( )xS  of double sequence 

S is convergent to L in the Pringsheim’s sense if S converges to L 
lacunary uniformly statistically. 

Example. Let be ( )rk=Θ  lacunary sequence and NN ×⊂A  

lacunary uniformly density zero such that for ( ) AjiN ∈∃∈∀ ,,N  and 

., Nji ≥  

Let the sequence ( )ijSS =  defined as 

( )

( )





∈

∈/
=

.,,0

,,,1

Aji

Aji
Sij  

Then, ,,,0 N∈∀>ε∀ mn  the following is valid: 

{( ) }ε≥−∈ ++ 1:,1
, jminl

l
SIjiI  

 {( ) ( ) } .for0,:,1 ∞→→∈++∈= lAjminIjiI l
l
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Respectively, .1lim =−Θ ijSUst  Let 

{ ( ) }.,,1:
,1

AjixXxB ijMjiM
∈=∈=

∞

≥

∞

= ∪∩  

( )
({ })

( )
.2

11:
,,,,,,

∞===∈ ∑∑
∈≥∈≥ AjiMji

ij
AjiMji

xXxP  

Due to second part of Borel-Cantelli lemma, ( ) .1=BP  

Since subsequence ( )xS  of S does not converge to 1 in the 

Pringsheim’s sense if and only if ,Bx ∈  it, 

({ ( ) }) .0senses,ringsheimPthein1lim:
,

==∈
∞→

xSXxP ijji
 

Let .NN ×⊂A  There is a unique measure AP  on X with the property: 

({ })
( )

( )









∈

∈/
==∈

+
,,,

2
1

,,,2
1

1:
Aji

Aji
xXxP

ji

ijA  

({ })kkk axaxXxP jijiA ==∈ ,,: 111 "  

({ }) ({ }).:: 111 kkk axXxPaxXxP jiAjiA =∈=∈= "  

Analogue theorem is valid: Let the sequence ( )ijSS =  be divergent in 

the Pringsheim’s sense. Then, S uniformly statistically converges to L if 
and only if NN ×⊂∃A  uniformly density zero such that 

({ ( ) }) .1,lim:
,

==∈
∞→

sensesingsheimPrtheinLxSXxP ijjiA  

Theorem 2.1. Let the sequence ( )ijSS =  divergent in the Pringsheim’s 

sense. Then, the sequence S lacunary uniformly statistically converges to L 
if and only if NN ×⊂∃A  lacunary uniformly density zero such that 

({ ( ) }) .1senses,ringsheimPtheinlim:
,

==∈
∞→

LxSXxP ijjiA  
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Proof. Because of lemma the following is valid: Let is lim−ΘUst  

,LSij =  then NN ×⊂∃A  lacunary uniformly density zero such that the 

subsequence ( )yS  of S converges to L in the Pringsheim’s sense for 

( )

( )





∈

∈/
=

.,,0

,,,1

Aji

Aji
yij  

Not generalizing we can assume that L is not a point accumulation of the 
subsequence ( )xS  for 

( )

( )





∈/

∈
=

.,,0

,,,1

Aji

Aji
xij  

Hence, the subsequence ( )zS  converges to L in the Pringsheim’s sense if 

and only if N∈∃M  such that 

{( ) } .0,,1:, /=≥=×∈ AMjizji ij ∩NN  

Let 

{ ( ) } .,,,,,1:
1

M
M

ijM BBAjiMjixXxB ∩
∞

=

=∈≥=∈=  

Then, ,N∈∀M  is, 

( ) ( )
( )

.
2

1
2

1
2

1
22

,,,,
−+

≥
+

∈≥

=≤=≤ ∑∑ Mji
Mji

ji
AjiMji

MAA BPBP  

Hence, ( ) .0=BPA  Since the set B is a set of all Xx ∈  for which ( )xS  

does not converge to L in the Pringsheim’s sense. It, 

({ ( ) }) .1senses,ringsheimPtheinlim:
,

==∈
∞→

LxSXxP ijjiA  
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Let the sequence S not be lacunary uniformly statistically convergent 
and let NN ×⊂A  lacunary uniformly density zero. Then, due to the 
lemma, the subsequence ( )xS  is divergent in the Pringsheim’s sense for 

( )

( )





∈

∈/
=

.,,0

,,,1

Aji

Aji
xij  

The following cases can be presented: 

(a) ( ) ( ) ( ) ,for,,,,,, kk
kkkkkkkk ∀≥∈/∃ mnSAmnmnmn   

(b) ( ) ( ) ( ) ,for,,,,,, kkkkkkkkkk ∀−≤∈/∃ mnSAmnmnmn   

(c) ( ) ( ) ( ) ( ) ( ) ( ) µ<λ≤∈/∃∃ 11,,,,,,,, 22112211
kk

kkkkkkkk mnSAmnmnmnmn  

.22
kkmnS≤  It follows: 

(a) ({ }) ,2
11:

11
∞===∈ ∑∑ ∞

=

∞

= kk kkmnA xXxP  

(b) ({ }) ,2
11:

11
∞===∈ ∑∑ ∞

=

∞

= kk kkmnA xXxP  

(c) ({ }) ({ }) .1:1: 2211 11
∞==∈==∈ ∑∑ ∞

=

∞

= kkkk kk mnAmnA xXxPxXxP  

Then due to second part of Borel-Cantelli lemma the following is valid: 

(a) ({ }) ,1infinitefor1: ==∈ kkkmnA xXxP  

(b) ({ }) ,1infinitefor1: ==∈ kkkmnA xXxP  

(c) ({ }) .1infinitefor1: 2211 ===∈ k
kkkk mnmnA xxXxP  

It follows 

({ ( ) }) .1senses,Pringsheimtheindivergent: =∈ xSXxPA  

Hence, 

({ ( ) }) .0senses,Pringsheimtheinconvergent: =∈ xSXxPA  
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Lemma 2.2 ([4]). Let is ( )rk=Θ  lacunary sequence and ijSS =  

double sequence. Then, LSUst ij =−Θ lim  if and only if NN ×⊂∃A  

lacunary uniformly density zero and ( ) ,lim
,

LxSijji
=

∞→
 in the Pringsheim’s 

sense, for 

( )

( )





∈

∈/
=

.,,0

,,,1

Aji

Aji
xij  

Proof. Let is .lim LSUst ij =−Θ  Then there is a sequence of natural 

numbers ( )∞=2rru  such that for rul ≥∀  and ,, N∈∀ mn  we have 

( ) .11:,1
, rrLSIjiI jminl

l
≤







 ≥−∈ ++  

Let 

( ) ( ) .1,,:, ,
1

1,2
1







 ≥−∈++= ++

−

=

∞

=

∞

=

+

rLSIjijminA jminl
u

ulmnr
r

r
∪∪∪  

We define Xx ∈  the following way: 

( )

( )





∈

∈/
=

.,,0

,,,1

Aji

Aji
xij  

For N∈∃>ε∀ 0,0 r  such that for 0rr ≥∀  we have .1 ε≤r  From the 

definition of the sequence x, such that for 0rul ≥  and N∈∀ mn,  

provided that ,1, =++ jminx  we have 

( ) .,, ε≤−=− ++++ LSLxS jminjmin  

Hence, for 
0

, ruji k≥∀  and N∈∀ ji,  provided that ,1=ijx  we have 

( ) .ε≤− LxSij  
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Hence, the subsequence ( )xS  converges to L, in the Pringsheim’s sense. 

For 0rul ≤∀  and N∈∀ mn,  valid 

{( ) ( ) }AjminIjiI l
l

∈++∈ ,:,1  

( ) .11:,1
, ε≤≤







 ≥−∈= ++ rrLSIjiI jminl

l
 

Hence, 

{( ) ( ) } ,0,:,1lim =∈++∈
∞→

AjminIjiI l
ll

 uniformly for ., N∈∀ mn  

We assume that there is a subset A of the set NN ×  such that 

{( ) ( ) } ,0,:,1lim =∈++∈
∞→

AjminIjiI l
ll

 uniformly for N∈∀ mn,  

and ( ) ,lim
,

LxSijji
=

∞→
 in the Pringsheim’s sense, for 

( )

( )





∈

∈/
=

.,,0

,,,1

Aji

Aji
xij  

For N∈∃>ε∀ N,0  such that for ,, Nmn ≥∀  we have 

( ) .ε≤− LxSnm  

For N∈∀l  such that .1 Nl >−k  Then, 

{( ) }ε≥−∈ ++ LSIjiI jminl
l

,:,1  

{( ) }ε≥−<+<+∈= ++ LSNjmNinIjiI jminl
l

,,:,1   

{( ) }ε≥−≥++∈+ ++ LSNjminIjiI jminl
l

,,,:,1  
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( ) {( ) ( ) }AjminNjminIjiI
N

l
lll

ll ∈++≥++∈+
−

−
≤

−

− ,,,:,12
2

1
2

1
kk

kk  

( ) {( ) ( ) } .,:,12
2

1
2

1 AjminIjiI
N

l
lll

ll ∈++∈+
−

−
≤

−

−

kk

kk  

Obviously, the first summation converges to zero uniformly on ., N∈mn  

The second summation converges to zero uniformly on N∈mn,  due to 

the assumption. 

So, .lim LSUst ij =−Θ  

Theorem 2.3. Let is ( )rk=Θ  lacunary sequence. Then, almost every 

double sequence of 0’s and 1’s is not lacunary uniformly statistically 
convergent. 

Proof. Let 

{ ( ) }.,,1: , rjnin
r
n IjixXxA ∈=∈= ++  

Since ( ) ,,
2

1 N∈∀= nAP
rI

r
n  it is 

( ) .
2

1
11

+∞== ∑∑ ∞

=

∞

= rIn
r
nn

AP  

Since k
nA  are independent, based on the second part of Borel-Cantelli 

lemma: 

.1suplim =





 r

n
n

AP  

We denote .suplim,suplim r
r

r
n

n
r AAAA ==  Since ( ) ,,1 N∈∀= rAP r  

it is ( ) .1 +∞=∑∞
=

r
r AP  
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Due to second part of Borel-Cantelli lemma, it follows ( ) .1=AP  Let 

is Ax ∈  then, for 00 ,, rrnr >∃∈∃∈∀ NN  such that .r
nAx ∈  It follows 

Ax ∈∀  does not converge lacunary uniformly statistically to 0. 

Completely analogously, almost every Xx ∈  does not converge 
lacunary uniformly statistically to 1. 

Every lacunary uniformly statistically convergent sequence Xx ∈  
converges 0 or 1. It follows 

({ ( ) }) .0llystatisticauniformlylacunaryconvergent: ==∈ ijxxXxP  

Definition 2.4. The subsequence ( )xS  of sequence S lacunary 

uniformly statistically converges to L if 0,0, >∃>ε′ε∀ K  such that for 

Kr ≥∀  and N∈∀ mn,  provided that ,1=nmx  we have 

{( ) }
{( ) } .1:,

1,:,
,

,, ε′≤
=∈

=ε≥−∈

++

++++

jminr

jminjminr
xIji

xLSIji
 

We write ( ) .lim LxSUst ij =−Θ  

Almost every, in terms of measure P, subsequence of uniformly 
statistically convergent double sequence S is uniformly statistically 
convergent. This analogue is valid also for lacunary uniform statistical 
convergence double sequences of 0’s and 1’s. 

Theorem 2.5. Let is ijS  sequence of 0’s and 1’s that is convergent 

lacunary uniformly statically and divergent in the Pringsheim’s sense. Let 
is ( )rk=Θ  lacunary sequence. Then, 

({ ( ) }) .0: =∈ llystatisticauniformlylacunaryconvergentxSXxP ij  

Proof. Since a sequence ijS  convergent lacunary uniformly statically, 

it is, 

.0or1lim =−Θ ijSUst  
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Suppose it is 1lim =−Θ ijSUst  and 1lim
,

≠
∞→ ijji

S  in the Pringsheim’s 

sense. Then, there exists infinite subsequence ( )lrk  of the sequence ( )rk  

such that for ( ) lrIjil ∈∃∈∀ ,,N  we have .0=ijS  Not generalizing we 

can assume that for ( ) ,,, rIjir ∈∃∈∀ N  we have .0=ijS  Let 

{ ( ) },,,: ,, rjninjnin
r
n IjiSxXxA ∈′=∈= ++++  

where is 







=

=
=′

.1,0

,0,1

ij

ij
ij

S

S
S  

Since ( ) ,
2

1
rI

r
nAP =  it is 

( ) .
2

1
11

+∞== ∑∑ ∞

=

∞

= rIn
r
nn

AP  

Since k
nA  are independent, based on the second part of Borel-Cantelli 

lemma: 

.1suplim =





 r

n
n

AP  

We denote .suplim,suplim r
r

r
n

n
r AAAA ==  Since ( ) ,,1 N∈∀= rAP r  

it is, ( ) .1 +∞=∑∞
=

r
r AP  

Due to second part of Borel-Cantelli lemma, it follows ( ) .1=AP  Let 

is Ax ∈  then, for 00 ,, rrnr >∃∈∃∈∀ NN  such that .r
nAx ∈  Then, for 

,0>ε∀  we have 

{( ) }
{( ) } .11:,

1,1:,
,

,, =
=∈

=ε≥−∈

++

++++

jninr

jninjninr
xIji

xSIji
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Hence, subsequence ( )xS  does not converge lacunary uniformly 

statistically to 1. Completely analogously, almost every subsequence 
( )xS  of sequence ijS  does not converge lacunary uniformly statistically 

to 0. It follows 

({ ( ) }) .0llystatisticauniformlylacunaryconvergent: =∈ xSXxP  
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