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Abstract 

The boundedness for the multilinear operators associated to some integral 
operators on Triebel-Lizorkin and Lebesgue spaces are obtained. The operators 
include Littlewood-Paley operators, Marcinkiewicz operators, and Bochner-
Riesz operator. 

1. Introduction 

As the development of singular integral operators, their commutators 
and multilinear operators have been well studied (see [1-7]). From [2, 13], 
we know that the commutators and multilinear operators generated by 
the singular integral operators and the Lipschitz functions are bounded 
on the Triebel-Lizorkin and Lebesgue spaces. The purpose of this paper is 
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to introduce some multilinear operators associated to certain non-
convolution type integral operators and prove the boundedness properties 
for the multilinear operators on the Triebel-Lizorkin and Lebesgue 
spaces. The operators include Littlewood-Paley operators, Marcinkiewicz 
operators, and Bochner-Riesz operator. 

2. Notations and Theorem 

In this paper, we will study a class of multilinear operators 
associated to some nonconvolution type integral operators as following. 

Let jm  be the positive integers ( ) mmmlj l =++= 1,,,1  and 

jA  be the functions on ( ).,,1 ljRn =  Set 

( ) ( ) ( ) ( ) .!
1,;1

αα

≤α
+ −

α
−= ∑ yxyADxAyxAR j

m
jjm

j
j  

Let ( )yxFt ,  define on [ ).,0 ∞+×× nn RR  Set 

( ) ( ) ( ) ( ) ,, dyyfyxFxfF t
R

t n∫=  

and 

( ) ( )
( )

( ) ( ) ,,
,;11 dyyfyxF

yx

yxAR
xfF tm

jm
l

j
R

A
t

j

n −
=

+=∏
∫  

for every bounded and compactly supported function f. Let H be the 

Banach space { }∞<= hhH :  such that, for each fixed ( )( )xfFRx t
n ,∈  

and ( ) ( )xfF A
t  may be viewed as a mapping from [ )∞+,0  to H. Then, the 

multilinear operator associated to tF  is defined by 

( ) ( ) ( ) ( ) ,xfFxfT A
t

A =  
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where tF  satisfies: for fixed 0>ε  and ,0 n<δ≤  

( ) ,, δ+−−≤ n
t yxCyxF  

and 

( ) ( ) ,,, δ+ε−−ε −−≤− n
tt zxzyCxzFxyF  

if .2 zxzy −≤−  We define that ( ) ( ) ( ) ( ) .xfFxfT t=  

Note that when ATm ,0=  is just the multilinear commutator of T 

and A (see [8-11, 16]). While when ,0>m  it is non-trivial generalizations 
of the commutators. It is well known that multilinear operators are of 
great interest in harmonic analysis and have been widely studied by 
many authors (see [2-6]). The purpose of this paper is to study the 

boundedness properties for the multilinear operator AT  on Triebel-
Lizorkin and Lebesgue spaces. In Section 4, some applications of 
Theorem in this paper are given. 

First, let us introduce some notations. Throughout this paper, Q will 

denote a cube of nR  with sides parallel to the axes. For a locally 
integrable function f, the sharp function of f is defined by 

( ) ( ) ,1sup# dyfyfQxf Q
QQx

−= ∫∈
 

where, and in what follows, ( ) .1 dxxfQf
QQ ∫−=  It is well-known that 

(see [14, 15]) 

( ) ( ) .1infsup# dycyfQxf
QCcQx

−= ∫∈∈
 

For ∞<≤ p1  and ,0 n<η≤  let 

( ) ( ) ( ) .1sup
1

1,

p
p

QnpQx
p dyyf

Q
xfM 










= ∫η−∈

η  



JIASHENG ZENG 20

For 0>β  and ,1>p  let ∞β,
pF  be the homogeneous Triebel-Lizorkin 

space (see [13]). The Lipschitz space β  is the space of functions f such 

that 

[ ] ( ) ,sup 1

0
,

∞<∆= β+β

≠
∈

β
hxff h

h
Rhx n  

where kh∆  denotes the k-th difference operator (see [13]). 

Now we can state our theorem as following: 

Theorem. Let ( )ll ε<β< ,1min0  and β
α ∈ jAD  for all α  with 

jm=α  and .,,1 lj =  Suppose that T is bounded from ( )nr RL  to 

( )ns RL  for any δ<<<δ≤ nrn 1,0  and .11 nsr δ=−  Then 

(a) AT  is bounded from ( )np RL  to ( )nl
q RF ∞β,  for any ,0 n<δ≤  

;11,1 nqpnp δ=−δ<<  

(b) AT  is bounded from ( )np RL  to ( )nq RL  for any ,0 β−<δ≤ ln  

( )β+δ<< lnp1  and ( ) .11 nlqp β+δ=−  

3. Proof of Theorem 

To prove the theorem, we need the following lemmas: 

Lemma 1 (see [13]). For ,1,10 ∞<<<β< p  we have 

( )
pp

L
Q

QnQF dxfxf
Q

f −≈ ∫β+
∞β 1

1sup,  

( ) .1infsup 1
pLQncQ

dxcxf
Q

−≈ ∫β+∈⋅
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Lemma 2 (see [13]). For ,1,10 ∞≤≤<β< p  we have 

( ) ( ) .11sup1sup
1

1

p
p

Q
QnQ

Q
QnQ

dxbxbQQ
dxbxb

Q
b 







 −≈−≈ ∫∫ ββ+β
 

Lemma 3 (see [13]). For nb <η≤<β<∈ β 0,10,  and ,1 ∞<< r  

we have 

( ) ( ).,
1 fMQbCfbb r

nnr
LQQ r η

η−β+
β

≤χ−   

Lemma 4 (see [1]). Suppose that δ<<≤ npr1  and −= pq 11  

.nη  Then 

( ) ., pq LLr fCfM ≤η  

Lemma 5 (see [5]). Let A be a function on nR  and ( )nq RLAD ∈α  

for m=α  and some .nq >  Then 

( )
( ) ( )

( ) ,
,~

1,;
1

,~

q
q

yxQm

m
m dzzAD

yxQ
yxCyxAR 










−≤ α

=α
∫∑  

where ( )yxQ ,~  is the cube centered at x and having side length .5 yxn −  

Proof of Theorem (a). We first prove the sharp estimate for AT  as 
following: 

( ) ( ) ( ) ( ),~1
,01 xfCMdxCxfT

Q
r

A
Qnl δβ+

≤−∫  

for δ<<< npr1  and some constant .0C  Without loss of generality, 

we may assume .2=l  Fix a cube ( )dxQQ ,0=  and .~ Qx ∈  Let 5~
=Q  

Qn  and ( ) ( ) ( ) ,!
1~ ~ αα

=α α
−= ∑ xADxAxA Qj

m
jj  then ( ) mjm RyxAR =,;  

( )yxAj ,;~  and ( )Qjjj ADADAD ~~ ααα −=  for .jm=α  We write, for 

Qff ~1 χ=  and ,~\2 QRnff χ=  
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( ) ( )
( )

( ) ( )dyyfyxF
yx
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xfF tm
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( )
( ) ( )dyyfyxF
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m
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2

1
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1
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−
α

− ∫∑  

( )( )
( ) ( ) ( )dyyfyxFyAD

yx

yxyxAR
tm

m

Rm
n 12

1

2
,~,;~
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1

22

α
α

=α −

−
α
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( ) ( ) ( )
mRmm yx

yADyADyx
n −

−
αα

+
ααα+α

=α=α
∫∑ 21

21,

~~

!!
1 2121

2211

 

( ) ( ) ,, 1 dyyfyxFt×  

then 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )02
~

02
~

xfFxfFxfTxfT A
t

A
t

AA −=−  

( ) ( ) ( ) ( )
( )

( ) ( )dyyfyxF
yx

yxAR
xfFxfF tm

jmj
R

A
t

A
t

j
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1
02

~
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−
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∏
∫ =  
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( ) ( ) ( ) ( ) ( )dyyfyxF
yx

yADyADyxC tmRmm
n 1

21

,
,

~~ 2121

2211 −

−
+

ααα+α

=α=α
∫∑  

( ) ( ) ( ) ( )02
~

2
~

xfTxfT AA −+  

( ) ( ) ( ) ( ) ( ),: 54321 xIxIxIxIxI ++++=  

thus 

( ) ( ) ( ) ( ) dxxfTxfT
Q
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Qn 02

~

21
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Q
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.: 54321 IIIII ++++=  

Now, let us estimate ,,,, 4321 IIII  and ,5I  respectively. First, by 

Lemma 5 and Lemma 2, we get, for Qx ∈  and ,~Qy ∈  
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( ) ( ) ( )Qjj
Qxm

m
jm ADxADyxCyxAR ~

~
sup,;~ αα

∈=α

−−≤ ∑  

 ,
β

α

=α

β ∑−≤ j
m

nm ADQyxC  

thus, by the ( )sr LL , -boundedness of T with δ<< nr1  and 

,11 nrs δ−=  we obtain, using Hölder’s inequality, 

( ) ( ) dxxfTQADCI
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≤
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For ,2I  using Lemma 3 and Hölder’s inequality, we get, for δ<< nr1  

and ,11 nrs δ−=  

( ) ( ) dxxfADT
Q

ADCI
Qn
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11122

~1 1
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2
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α
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(( ( ) ) ) sn
LQ

mm
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1
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2
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( ( ) ) rLQ
m
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m
fADADQADC 1~1

2 11
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( ) ( ).~
,

2

1
xfMADC rj
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δ

α
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≤

β∑∏   

For ,3I  similar to the proof of ,2I  we get 

( ) ( ).~
,

2

1
3 xfMADCI rj

mj

j

jj
δ

α

=α= 












≤

β∑∏   

Similarly, for ,4I  set 3µ= sr  for +µ>µµµδ<< 1321 1,1,,,1 ns  

111 32 =µ+µ  and ,11 nst δ−=  we obtain 

( ) ( ) dxxfADADT
Q

CI
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mm
12121

,
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∫∑≤  
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For ,5I  we write 

( ) ( ) ( ) ( )02
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2
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xfFxfF A
t
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yx

yxF
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t
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−
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−
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( ) ( ) ( )dyyfyADyAD 221
~~ 21 αα×  

( ) ( ) ( ) ( ) ( ) ( ).6
5

5
5

4
5

3
5

2
5

1
5 IIIIII +++++=  

By Lemma 5 and the following inequality, for ,β∈ b  

( ) ( ) ,1
0

ββ +−≤−≤−
ββ∫ dxxbdyyxbQbxb

Q
Q   
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we get 

( ) ( ) .,;~ β+α

=α

+−≤
β∑ j

j
j

m
j

m
jm dyxADyxAR   

Note that yxyx −− 0~  for Qx ∈  and ,~\ QRy n∈  we obtain, by the 

condition of ,tF  

( )1
5I  

( ) ( ) dyyfyxAR
yx

xx
yx

xxC jm
j

nmnmQR jn ,;~2

10

0
1

0

0
~\ ∏∫

=
δ−ε++

ε

δ−++ 










−

−
+

−

−
≤  














≤

β

α

=α=
∑∏ j

mj
ADC j

jj

2

1
 

( ) dyyf
yx

xx
yx

xx
nnQQ 











−

−
+

−

−
×

β−δ−ε+

ε

β−δ−+

∞

=
∫∑ + 2

0

0
21

0

0
~2\~20

1 kk
k

 

n
j

mj
QADC j

jj

βα

=α= 












≤

β∑∏ 2
2

1
  

( ( ) ( ) ) ( ) dyyf
Q Qn ∫∑ δ−

ε−β−β
∞

=

+× ~21
212

0
~2

122
kk

kk

k
 

n
j

mj
QADC j

jj

βα

=α= 












≤

β∑∏ 2
2

1
  

( ( ) ( ) ) ( )
r

r
Qnr dyyf

Q

1

~21
212

0
~2

122 









+× ∫∑ δ−

ε−β−β
∞

=
kk

kk

k
 

( ) ( ).,
2

2

1
xfMQADC r

n
j

mj

j

jj
δ

βα

=α= 












≤

β∑∏   



JIASHENG ZENG 28

For ( ),2
5I  by the formula (see [5]): 

( ) ( ) ( ) ( ) ,,;~
!

1,;~,;~
00

ηη
η−

<η

−
η

=− ∑ yxxxADRyxARyxAR jm
m

jmjm j
j
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and by Lemma 5, we get 
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≤
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Similarly, 
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≤
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For ( ),4
5I  similar to the estimates of ( )1

5I  and ( ),2
5I  we obtain 
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Similarly, 
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Thus 
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We now put these estimates together, and taking the supremum over all 
Q such that ,~ Qx ∈  and using Lemmas 1 and 4, we obtain 
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mj
F

A fADCfT













≤

β
∞β

α

=α=
∑∏   

This completes the proof of (a). 

For (b), by using the same argument as in proof of (a), we obtain 
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thus, we get the sharp estimate of AT  as following: 
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Now, using Lemma 4, we get 
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This completes the proof of (b) and the theorem. 
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4. Applications 

Now we give some applications of results in this paper. 

Application 1. Littlewood-Paley operator. 

Fixed 0,0 >ε<δ≤ n  and ( ) .223 nn δ−+>µ  Let v/  be a fixed 
function which satisfies: 

(1) ( ) ;0=/∫ dxxvnR
 

(2) ( ) ( ) ( );1 1 δ−+−+≤/ nxCxv  

(3) ( ) ( ) ( ) ( )δ−ε++−ε +≤/−+/ 11 nxyCxvyxv  when .2 xy <  

We denote that ( ) {( ) }tyxRtyx n <−∈=Γ +
+ :, 1  and the 

characteristic function of ( )xΓ  by ( ).xΓχ  The Littlewood-Paley multilinear 

operators are defined by 

( ) ( ) ( ) ( ) ,
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∞

/ t
dtxfFxfg A

t
A
v  

( ) ( )
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n
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where 
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and ( ) ( )txvtxv n
t /=/ δ+−  for .0>t  Set ( ) ( ) ( ).yvfyfF tt /∗=  We also 

define that 

( ) ( ) ( ) ( ) ,
21

2
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/ t
dtxfFxfg tv  
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which are the Littlewood-Paley operators (see [15]). Let H be the space 
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∞
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( ) ,,:
21
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n
R
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then for each fixed ( ) ( )xfFRx A
t

n ,∈  and ( ) ( )yxfF A
t ,  may be viewed as 

the mapping from [ )∞+,0  to H, and it is clear that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,, xfFxfgxfFxfg tv
A

t
A
v == //  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,,, yfFxfSyxfFxfS txv
A
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A
v Γ/Γ/ χ=χ=  
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It is easily to see that ,, A
v

A
v Sg //  and Agµ  satisfy the conditions of 

Theorem (see [8, 10, 11]), thus Theorem holds for ,, A
v

A
v Sg //  and .Agµ  
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Application 2. Marcinkiewicz operator. 

Fixed ( )( )δ−+>λ<δ≤ 222,1max,0 nnn  and .10 ≤γ<  Let Ω  

be homogeneous of degree zero on nR  with ( ) ( ) .01 =′σ′Ω∫ − xdxnS
 

Assume that ( ).1−
γ∈Ω nSLip  The Marcinkiewicz multilinear operators 

are defined by 
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We also define that 

( ) ( ) ( ) ( ) ,
21

3
2

0 







=µ ∫

∞
Ω

t
dtxfFxf t  



JIASHENG ZENG 34

( ) ( )
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which are the Marcinkiewicz operators (see [16]). Let H be the space 
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Then, it is clear that 
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It is easily to see that ,, A
S

A µµΩ  and A
λµ  satisfy the conditions of Theorem 

(see [8, 10, 11]), thus Theorem holds for ,, A
S

A µµΩ  and .A
λµ  

Application 3. Bochner-Riesz operator. 

Let ( ) ( ) ( ) ( ) ( )ˆ ξξ−=ξ−>δ δ
+

δ ftfBn t
ˆ1,21 22  and ( ) δ−δ = BtzB n
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The maximal Bochner-Riesz multilinear operator are defined by 

( ) ( ) ( ) ( ) .sup ,
0

, xfBxfB A
t

t
A

δ
>

∗δ =  

We also define that 

( ) ( ) ( ) ( ) ,sup
0

, xfBxfB t
t

δ

>
∗δ =  

which is the maximal Bochner-Riesz operator (see [12]). Let H be the 
space { ( ) },sup:

0
∞<==

>
thhhH

t
 then 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .,,, xfBxfBxfBxfB t
A

t
A δδ

∗δ∗δ ==  

It is easily to see that AB ∗δ,  satisfies the conditions of Theorem, thus 

Theorem holds for .,
AB ∗δ  
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