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Abstract 

In this note, we will prove that operators ( )HLT ∈  with finite 1k  function 
satisfy a Fuglede-Putnam type modulo the Hilbert-Schmidt class, that is, for 

arbitrary ( )HLX ∈  with ( )HC2∈− XTTX  implies ( ).2 HC∈− ∗∗ XTXT  

 

1. Let H  be a separable, infinite dimensional, complex Hilbert space, 
and denote by ( )HL  the algebra of all bounded linear operators on H  

and by ( )HC p  (or simply pC ) the Shatten-von Neumann p-classes and by 

,1, ≥⋅ pp  their respective norm. In this note only the particular classes 

corresponding to 2,1=p  will be used, that is the trace-class 1C  and the 
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class of Hilbert-Schmidt operators .2C  For arbitrary operators 

( ),, HLTS ∈  [ ]TS,  will denote their commutator TSST −  and SD  

will denote the self-commutator of S, that is [ ]., SS∗  An operator 

( )HLS ∈  is called almost normal when ( )HC1∈SD  and the class of 

operators defined on H  which are almost normal will be denoted by 
( ).HAN  

2. Voiculescu’s Conjecture 4 ( ),C4  (cf. [3] or [4]) states that for 

( ),HANT ∈  there exists ( )HANS ∈  such that ,KNST +=⊕  where 

N is a normal operator and K is a Hilbert-Schmidt operator. Under the 
assumption that conjecture ( )4C  has a positive answer, one can easily 

prove that almost normal operators satisfy a Fuglede-Putnam type 
theorem, that is, if ( )HAN∈T  and ( )HLX ∈  is such that  

[ ] ( ),, 2 HC∈XT  then [ ] ( ),, 2 HC∈∗ XT  and the family of operators on H  

that have such a property will be denoted by ( ).2 HFP  This results from a 

theorem of Weiss [5] that states that if ( )HLN ∈  is a normal operator 

and ( )HLX ∈  such that [ ] ( ),, 2 HC∈XN  then [ ] 2, C∈∗ XN  ( )H  and 

[ ] [ ] 22 ,, XNXN ∗=  (in particular ( )HF 2PN ∈ ), and the details are 

left for the reader. 

Let P  and +
1R  denote the set of finite rank orthogonal projections 

and the finite rank positive semidefinite contractions, respectively, and 

( ) ( )( ) ,inflim pPp TPPITq −=
∈P

 

( ) [ ] ,,inflim
1

p
A

p ATT
+∈

=
R

k  

where the lim infs are with respect to the natural order. 

In [1], it was proved that almost normal operators T such that 
( ) ∞<Tq2  belong to ( ).2 HFP  
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3. It is natural to ask whether almost normal operators T with ( )T2k  

finite, and implicitly ( ) 02 =Tk  (cf. [2]), belong to .2PF  

We will prove that such a result holds under the hypothesis that 
( )T1k  is finite. 

Theorem 1. If ( )HAN∈T  and ( ) ,1 ∞<Tk  then ( ).2 HFPT ∈  

Proof. Let ( )HAN∈T  with ( ) ,1 ∞<Tk  let ,1,1 ≥∈ + nAn R             

so that IAn ↑  and [ ] ( ),, 11 TTAn k↓  and let ( )HLX ∈  with 

[ ] ( ).:, 2 HC∈= RXT     

It will be enough to prove that 

[ ( )] ,trsuplim ∞<− ∗∗

∞→
RRQQAn

n
 

where .: ∗∗ −= XTXTQ  

Write ∗∗∗∗∗∗∗∗∗ +−−= XXTTATXTXAXTXTATTXXARRA nnnnn  

dcba +−−=  and +−−= ∗∗∗∗∗∗∗ TXXTAXTXTATXXTAQQA nnnn  

,DCBATXXTAn +−−=∗∗  where DCba ,,,, …  are the terms in the 

order they appear in these expansions. 

First 

( ) .tr 1
2

1 TDXdDdD ≤−≤−   (1) 

Then 

( ) ( )∗∗∗∗ −=− TXTXAXTXTAcB nntrtr  

( ) ([ ] )∗∗∗∗∗∗ =−= XTXTAXTXATXTXTA nnn ,trtr  

[ ] [ ] [ ] ,,,, 2
111 TXTAXTXTAXTXTA nnn

∗∗∗∗∗ ≤≤≤  
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and then after passing to limit 

( ) ( ) .tr 2
1 TXTcB k≤−   (2) 

In a similar way, 

( ) ( )∗∗∗∗ −=− XTXTATXXTAbC nntrtr  

( ) ([ ] )∗∗∗∗∗∗∗ =−= XXTATXTXTATXXTTA nnn ,trtr  

[ ] [ ] [ ] ,,,, 2
111 TXTAXXTTAXXTTA nnn ≤≤≤ ∗∗∗∗  

and thus 

( ) ( ) .tr 2
1 TXTbC k≤−   (3) 

Finally, 

( ) ( )∗∗∗∗ −=− TTXXATXXTAaA nntrtr  

( ) .tr 2
1 XTATTTATXXATXXTTA nnnn

∗∗∗∗∗∗ −≤−=  

Furthermore, 

11 TATTTATTATTATTATATTTA nnnnnnn
∗∗∗∗∗∗∗ −+−−=−  

[[ ] [ ] 111 ,, TTADATAT nTnn
∗∗ ++≤  

[ ] [ ] TTADTAT nTn 111 ,, ∗∗ ++≤  

[ ] ,,2 11 Tn DTAT +=  

and consequently, by passing to limit, we have 

( ) ( ( ) ) .2tr 2
11 XDTTaA T+≤− k   (4) 

Using inequalities (1)-(4), 
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[ ( )] ( ) ,24trsuplim 2
1

2
1 XDTXTRRQQA Tn

n
+≤− ∗∗

∞→
k  

which ends the proof. 

The above proof leads to the following. 

Corollary 2. If ( )HAN∈T  with ( ) ∞<T1k  and ( )HLX ∈  so that 

[ ] ( ),, 2 HC∈XT  then [ ] [ ] ( ) .24, 2
1

2
1

2
2

2
2 XDTXTXTXT T++≤∗ k  

Corollary 3. If ( )HAN∈ST ,  with ( )T1k  and ( ) ∞<S1k  and  

( )HLX ∈  so that ( ),: 2 HC∈−= XSTXR  then ( ).: 2 HC∈−= ∗∗ XSXTQ  

Proof. Let XST ,,  as in the hypothesis. It is straightforward to see 

that 

( ) ( ) ( ) .111 ∞<+≤⊕ STST kkk  

Setting ,
00

0~













=

X
X  then ( ) ( ) ,

00

0~~













=⊕−⊕

R
STXXST  and 

thus ( ) ( ) .~~
2C∈⊕−⊕ STXXST  Therefore ( ) ( ) =⊕−⊕ ∗∗ STXXST ~~  

.
00

0
2C∈












 Q
 Consequently, ( ).2 HC∈Q  

Corollary 4. If ( )HAN∈T  with ( ) ∞<T1k  and ( )HLX ∈  so that 

( ),2 HC∈− ∗XTTX  then ( ).2 HC∈−∗ XTXT  

References 

 [1] Vasile Lauric, A Fuglede-Putnam theorem modulo the Hilbert-Schmidt class for 
almost normal operators with finite modulus of Hilbert-Schmidt quasi-triangularity, 
Concr. Oper. 3 (2016), 8-14. 

 [2] Dan V. Voiculescu, Some results on norm-ideal perturbations of Hilbert space 
operators II, J. Operator Theory 5 (1981), 77-100. 

 



VASILE LAURIC 36

 [3] Dan V. Voiculescu, Hilbert space operators modulo normed ideals, Proceedings of the 
International Congress of Mathematicians, August 16-24, Warszawa (1983),       
1041-1047. 

 [4] Dan V. Voiculescu, Almost normal operators mod Hilbert-Schmidt and the K-theory 
of the algebras ( ) ,ΩΛE  J. Noncommut. Geom. 8 (2014), 11231-1145. 

 [5] Gary Weiss, The Fuglede commutativity theorem modulo operator ideals, Proc. 
Amer. Math. Soc. 83 (1981), 113-118. 

g 


